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Foreword 


')  his  is  a  reniarkahU'  work,  .'\rlliur  ^'aghjiaIl  is  hy  liainiiii;  .mil  piulrssiou  ,m  (‘li'i  trual 
engineer;  but  In'  lias  a  ciei'p  interr'st  in  i'ninlainental  <|uestions  ii''nally  reseiAi-il  for  j)li>si<  ists. 
Working  largely  in  isolation  lu'  has  stmru'il  the  relevant  ])ai>('r>  of  an  enormous  literature 
aecnmnlated  over  a  century.  I'he  result  is  a  fresh  and  novel  approach  to  old  problems  and 
tot  heir  solid  ion. 

I ‘hv'sn  isl s  since  l.oreiil/  have  looked  at  the  inoblrm  ol  the  eijii.ilion^  ol  motiun  o|  a 
(  harged  object  primarily  as  a  problem  for  tlu'  (h-si  ript ion  of  a  fundamental  jiarticle.  typicallv 
an  electron.  Yaghjian  considers  a  macroscopic  object,  a  spherical  itisnlalor  with  a  Mirface 
charge.  He  was  therefore  not  teinptc'd  to  take  the  |)oiiit  limit,  and  In'  thus  avoidt'd  the  pitfalls 
that  have  misguided  research  iti  this  field  since  Dirac's  famous  paper  of  l!id8. 

Perhaps  the  author’s  greatest  achieiemeiit  wa.s  the  discovery  that  one  does  not  ni'ed 
to  ittvoke  qiiantnm  mechanics  and  the  correspondence  principle  in  ordc-r  to  exclude  the 
nnphysical  solutions  (runaway  and  pre-ac<(‘leration  solutions).  Hatln'r.  as  he  discovered,  the 
(h'l'ivation  of  tin'  classical  equations  of  motion  from  th<'  Maxwell  borentz  ('(|nation<  is  invalid 
when  the  time  rate  of  change  of  tin*  dynamical  variables  is  too  large  (e\-en  in  tin'  relat  is  isiic 
case),  rherefore,  solatiotis  that  .show  six  h  bel/avior  an'  inconsistent  con.secjnem  es.  The 
classical  theory  is  thus  shown  to  be  |)hysically  consistent  by  itself.  It  is  embarrassing  to 
say  the  least — that  this  observatioti  had  not  bwn  mad<'  before. 

d'his  work  is  an  apt  tribute  to  the  c<'nt<'.inial  of  Lon-ntz's  semitial  paper  of  1S')2  in  which 
In'  first  proposed  the  Lorentz  force*  e<ination. 


I'Vitz  Rohrlich 
Syracuse  I'niversily 


Preface 


I’his  ri'-exaininatioii  ol  the  classical  model  of  the  elect roii.  introduced  hy  II.  I.oreni/  lOO 
years  ago,  serves  as  both  a  review  of  the  subject  and  as  a  conte.vt  for  picseiiling  new  maierial. 
I  he  new  material  includes  the  determination  and  elimination  of  the  basic  cause  ol  tlu'  pre- 
a(  ( ('leration,  and  the  derivation  of  the  binding  forces  and  total  stK'ss-nioinent  um  energy 
leiisor  for  a  charged  insulator  moving  with  arbitrary  \<‘locil\'.  .Most  ol  the  work  presented 
lieri'  was  done  while  on  sabbatical  leave  as  a  guest  professor  at  the  hlect  lomaguet  ics  Institute 
of  the  Technical  University  of  Denmark. 

I  am  indebted  to  Professor  Jesper  E.  ffansen  and  tlx'  Danish  Peseaich  .\cademv  for 
encouraging  and  supporting  the  research  under  Grant  No.  E8801o3.  I  am  grateful  to  Dr. 
'I'horkild  B.  Hansen  for  checking  a  number  of  the  derivations,  to  Marc  G.  Cote  for  helping 
to  prepare  the  final  camera-ready  copy  of  the  iTianuscrii)t.  and  to  .lo-.\nn  .M.  Ducharme  for 
typing  the  initial  version  of  the  manuscript. 

'Phe  final  versioti  of  the  report  has  benefited  greatly  from  tin'  helpful  suggestions  and 
thoughtful  revit'w  of  Professor  F.  Pohrlich  of  Syracuse  Universitv.  and  the  jn'i cej)! i ve  com¬ 
ments  of  Professor  'I'.  1’.  VVu  of  Harvard  University. 

■Arthur  1).  'taghjian 
Concord,  'lassachuset ts 
April  19!>2 
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Chapter  1 


INTRODUCTION  AND 
SUMMARY  OF  RESULTS 


i  ho  primary  purpoyo  of  this  work  is  to  (k'tcrmitK'  an  <-f|natioii  oi  motion  for  the  i  lassiral 
Lorontz  model  of  the  electron  that  is  consistent  with  causal  solutions  to  the  Ma\W('iI-Loreiilz 
ecjuations,  the  relativistic  generalization  of  Newton’s  second  law  of  motion,  and  Linstein's 
mass-energy  relation.  ('Fhe  latter  two  laws  of  i)hysics  w('r<'  not  discovered  utitil  after  the 
original  works  of  Lorentz,  Abraham,  and  Poincare,  d'he  hope*  of  horentz  atid  Abiaham 
for  deriving  the  equation  of  motion  of  an  (dectron  from  tlu'  sc'lf  forc('  determined  by  the 
.Ma.xwell- Lorentz  equations  alone  was  not  fully  realized.)  Tin'  work  Ix'gins  by  reviewing  the 
contributioii.s  of  Lorentz,  .Abraliam,  Poincare,  attd  Schott  to  this  century-old  j)roblem  of 
liiuling  the  equation  of  motion  of  an  extended  electron.  1  heir  original  dt'rivations.  which 
w('re  based  on  the  Maxwell- Lorentz  e<piation.s  and  a.ssumed  a  zero  bare  mass,  art'  modified 
and  generalized  to  obtain  a  nonz<'ro  bare  mass  and  consist (uit  force  ;ind  powr-r  e(|ualions 
of  motion.  By  looking  at  the  Lorentz  model  of  the  electron  as  a  charged  itisulalor.  general 
expressions  are  drrircd  for  the  binding  for(x>s  that  f’oiticaiv'  posliila/fd  to  hold  the  <'harge 
<listribution  togf’ther.  A  careful  ('xamination  of  the  classic  Lor('ntz-.\biaham  derixation 
r('veals  that  tin'  self  electromagnetic  force  must  l)e  modified  during  the  short  time  intc'ival 
aft  er  tin’  external  force  is  first  applied.  I  he  result  ing  nunlificat  ion  to  1  he  e(piat  i(ui  rd  motion, 
although  slight,  eliminates  the  noinausal  pre-acceleration  that  has  plagued  the  solution  to 
the  Lorentz-.Abraham  eciuation  of  motion.  .As  part  of  (he  analysis,  gi’in’ral  momentum  and 
energy  relations  are  derived  and  interpreted  i)hysically  for  the  solutions  to  the  etjuation 
of  motion,  including  "hypr'rbolic"  and  ‘■runaway’  solutions.  .Also,  a  st ress-monu’iit um  en¬ 
ergy  tensor  that  includes  the  binding,  barr- mass,  and  eh’ct  romagnet  ic  moment  uiicenergy 
densities  is  deriv’d  for  the  charged  insulator  model  of  the  electron,  and  an  assessment  is 
mad<'  of  the  reih’linitions  of  electromagnetir  momentum-i’iiergy  that  have  Ix'en  proposi’d  in 
tlie  past  to  obtain  a  ((insistent  erpiation  of  motion. 

.Many  fine  artich’s  have  been  written  on  the  classiral  tlieoiies  of  the  eh’ctron.  siicli  as 
[(i.'2!).d(i.d7,‘l  I ,o(i,.A7].  to  complement  t h<' original  works  by  l.nrent/  [d].  .Abraham  [2].  Poincari' 
[  1  (i).  and  Schot  t  [  I '?] .  1  lowever.  in  i<'t  ui  idng  t  o  t  h<-  origina  I  dei  i  \  at  ions  ol  1  .oreiit  z.  .A  1  ii  ,dia  m. 
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Poiiuait'.  and  Schott,  r<'-<'xainiiiiiig  tli('n\  in  detail,  modifying  them  vvlien  necessary,  ami 
supplementing  them  with  the  results  of  special  relativity  not  contained  explicitly  in  the 
Maxwell-Lorentz  ec|uations.  it  is  [jossible  to  clarify  and  r<'solve  a  number  of  the  subtle  prob¬ 
lems  tliat  ha\e  remaiiu'd  with  the  classical  theory  of  the  bori'iitz  mod<-l  oi  the  extended 
(■!('(  t  roll. 

.\n  uuderlving  iiujt i\ati(jn  to  tlii'  pres(Mit  analysis  is  the  idi'a  that  one  can  separate  the 
probh’in  of  deri\ing  the  ecpiatioii  of  motion  of  the  extended  model  of  the  eh’ctron  from  the 
qiu'stioii  of  whether  the  model  approximates  an  actual  electron.  One  could,  in  principle,  enter 
the  cla'-^sic  al  laboratory,  distribute  a  charge  c  uniformly  on  the  surface  of  an  insulating  sphere 
of  radius  a.  apply  an  external  electromagnetic  field  to  the  charged  insulator  and  observe  a 
causal  motion  predictable  from  the  relativistically  invariant  equations  of  classical  physics. 
.Moreincr.  the  short-range  dipolar  forces  binding  the  exce.ss  charge  to  the-  surface  of  the 
insulator  uec'd  not  be  postulatc'd.  but  should  be  dc-rival)lc'  froiti  the  relativistic  generalizatiou 
of  .Xewloti's  second  law  of  motion  applied  to  both  the-  charge  and  insulator,  and  from  the 
rc'(|uirc'meut  that  the'  charge  remain  uniformly  distribiitc'd  on  the  spherical  insulator  in  its 
proper  inertial  frame  of  refc-reiucu  A  summary  cof  the-  results  in  each  of  the  succeeding 
chapters  follows. 

Chapte  r  1  introducc's  the  original  Lorentz- Abraham  force  and  power  c.‘ciuations  of  mo¬ 
tion  for  boreiitz's  rc-lat ivist ically  rigid  modc.-l  of  the  c'lec  tron  moving  with  arbitrary  velocity. 
I.oient/  and  .\braham  derived  their  fore  c‘ c-cpiation  of  motion  by  cletc'rmining  t  he  self  electro¬ 
magnetic  force  indue  c'd  by  the  moving  charge  distribution  upon  itself,  and  setting  the  sum 
of  the-  externally  applic'cl  and  self  elc'cl romagnetic  force-  e-cpial  to  zero,  that  is,  they  assumed 
a  zi-ro  •bare"  mass.  Similarly,  thew’  ele-rive-el  their  power  (equation  of  mo'ion  by  setting  the 
sum  of  the-  externally  aivplied  ainl  self  electromagne-tic  power  (work  done  per  unit  time  by 
the  forces  on  the  charge  distribution)  equal  to  ze-ro. 

I'o  the  consternation  of  .Abraham  and  Lorentz,  the.se  two  equations  of  motion  were  not 
consistent.  In  particular,  the  scalar  |>roeluct  of  the  velocity  of  the  charge-  ce-nte-r  with  the  self 
elect  romagnetie-  force-  (force-  e(|uation  of  motion)  did  not  e-epial  the  self  electromagnetic  power 
(powei  e-ejuation  of  motion).  .Merely  introducing  a  nonzero  bare-  mass  into  the-  eejuations  ol 
mot  loll  doe-s  not  re-move-  this  iiK  iiiisiste-ncy  be-t  wtx-n  t  he-  fore  e  ami  |)owe-r  e-eiuat  ions  of  mot  ion. 
.Mo, ('over.  It  is  shown  that  the-  appare-nt  inconsiste-ncy  between  self  electromagnetic  force 
and  |)ower  is  not  a  re-sult  of  the  e-le-ct romagnetic  mass  in  the  equations  of  motion  equaling 
i/.'l  ihe  e-le-ctrostatic  mass,  nor  a  nee  e-ssary  conseeiuene e-  of  the  eh-ctromagnetic  momentum- 
ene-rgv  neU  transforming  like-  a  lout ve-etcer.  dhe-  \/',]  factor  occurs  in  both  the-  force  and 
power  equations  of  motion.  i'J  1)  and  anel  it  was  of  no  concc-rn  to  Abraham,  Lorentz, 

or  Poiiic.ire  in  their  oiiginal  woi  ks  whie  h,  as  mentione-d  above-,  appeare-d  be-fore  F.instein 
piojicvse-d  the-  tnass-e-iie-rgy  relationship. 

.Xe-ithe-r  t  hi-  se-lf  ele-e  t  romaunel  ic  force- powe-r  nor  the  moment  um-ene-rgy  transforms  as  a 
four  ve'(  tor.  (Lor  this  re-ason,  tliev  an-  re-ferred  to  he-rein  as  force-  powe-r  and  mornentum-en- 
eigv  rathe-r  than  four-force-  and  lour-moine-nt um. )  However,  the-re  are  any  number  of  force- 
and  power  fum  tiotn  that  e  oiild  be  adele-d  to  t  he  ele-ct  romagnet  ic  momentum  and  energy  that 
won  hi  make  the  total  moment  inn  e-ne-igy  (c.dl  it  (!')  t  ra  ns  form  like  a  fom  ve-ctor.  and  yet  not 


satisfy  dG'/ds  «,  =  0,  so  that  the  in<'oiisisl<'iir\-  Ix'lwv'cn  I  in'  l(/n  i‘  aial  povscr  loii.^  of 

motion  would  remain.  Conversely,  it  is  possiUle  for  the  |noj)fi  t  ime  derival  i\es  ot  moment  mn 
aiul  eiu'rgy  (force-power)  to  translorm  as  a  lour-vcctor  <md  salisiy  dii'jds  a,  -  II  without 
the  momentum-energy  (!'  its<’lf  transforming  like  a  four-\ecior.  In  fact,  Poincare  mtiodmed 
binding  forces  that  removed  the  inconsistency  Ix’twetMi  tlx'  force  and  j)ower  ('quaiioiis  ot 
motion,  anti  restored  the  force-[)ower  to  a  four- vector,  wiihoiit  aift'clitig  tlu'  1/3  lacior  in 
these  etpiations  or  retjuiring  the  momentum  and  ('ix-rgy  of  I  tie  chargi'd  sphere  to  tr.msform 
as  a  four-v(X'tor. 

The  appaia'iit  inconsistency  betw('en  tlu'  self  <-lect  romagnct  i(  lone  and  |)oW('r  i'  inve<ti- 
gat(’d  in  detail  in  Chapter  .3  by  rev  iewing  th<'  .Abraham- boicnt/  deri\alion.  and  rigoromly 
rederi\'ing  the  eh'ctromagnet ic  forc('  ami  pow(‘r  lor  a  charge  mo\ing  with  arbitrary  \eloc- 
itv.  For  the  borentz  model  of  the  election  moving  with  (irhitniri/  vi'locity  one  finds  that 
the  Abraham-boretitz  derivation  depends  in  [)ari  on  dilferent  iat  ing  with  respect  to  tune 
the  velocity  in  the  electromagnetic  mmiK'iitum  and  energy  determined  for  a  charge  dislri- 
l)Ution  moving  with  constdiit  velocity.  .Although  lau'cntz  and  .\braham  gi\e  a  plausible 
argument  for  tlu'  N’alidity  of  this  procedure,  tlx'  lirst  rigorous  derivation  of  the  sell  electro¬ 
magnetic  force  atid  power  for  tlu'  Ixirentz  electron  moving  with  .irbitrary  va-locity  was  givam 
by  Schott  in  PH'd,  several  years  aft<'r  the  v)riginal  derivations  of  borentz  and  .Abraham.  Be¬ 
cause  Schott’s  rigorous  derivation  of  tlu'  electromagnetic  force  and  povvan'.  obtained  directly 
from  the  bienard-Wiechert  potentials  for  an  arbitrarily  moving  charge,  is  extrenu'ly  involved 
atid  diflicult  tv)  repc'at.  a  much  sitnpler,  yet  rigorous  derivation  is  providc'd  in  .Appendi.x  B. 

It  is  ('inphasized  in  Section  3.1  that  tlu' self  electromagnet  ic  force  and  ];ower  are  equal  to 
the  ititernal  borentz  force  atid  powi-r  densities  integrated  over  the  charge-current  ilist riluition 
vjf  tin'  e.xtendod  eh'ctron,  and  thus  one  has  no  <i  prioii  gua rant (“e  that  tlnw  will  obey  the 
satne  relativistic  transformations  as  an  e.xternal  force  and  power  applied  t(;  a  point  mass.  .An 
important  conseciuence  of  th<'  rigorous  dmivations  of  the  elect  ronmgiiet ic  force  and  power 
of  the  extendeil  electron,  with  arbitrary  velocity,  is  that  the  integrated  self  electromagnetic 
force,  and  thus  the  boretitz- .Abraham  foiac  (‘<|uat.ion  o!  motion  of  the  ('Xtetuhal  electron  is 
shown  to  transform  as  an  extertial  force  appli<'d  to  a  point  mass.  However,  the  rigorous 
derivations  also  ri'veal  that  the  integrated  s«'lf  electromagnet  ic  power,  and  thus  the  boia'ntz- 
.Abrahani  power  eciuation  ot  rnotivui,  foi  the  relat iv  ist  ically  rigid  model  of  the  extendefl 
electron  do  not.  transform  as  the  power  deliveu'd  to  a  moving  point  imiss.  d  his  turtis  out  to  lie 
tine  even  wIk’II  the  radius  of  the  chargi’d  s|)liei<‘  anpro.iches  zero,  because  the  internal  lields 
become  singtilar  as  the  radius  apjrroaches  zero  and  the  veloi  ity  of  the  charge  distribution  is 
not  th('  same  at  (’ach  point  on  a  moving,  relat  ivist ically  rigid  shell.  1  hus.  it  is  not  perm'ssible 
to  use  the  sim[)le  [loint-mass  relativistic  t ransfmittal ion  of  power  to  find  tlie  integrated  self 
eh'ctromagnet  ic  power  of  the  exti'inled  elei  tron  in  an  arbitinii  ily  moving  iiu'rtial  referi'iice 
Irame  frotn  its  small- velocity  value.  (  1  his  is  unfortunate  lu'cause  the  jiroper  frame  and 
small- vehreity  values  of  si-It  elect  romau, net  i.'  foia  <•  ami  povvei .  i  I'spect  i  veiv .  ar(’  much  I'a.-ier 
to  (h'five  than  their  arbitrary  frame  v.dues  from  a  series  expansinn  of  the  l,ieiiard-\\  lecliert 
electric  fields:  see  .Api.iendix  .A.  I 

1  h('  rigmous  (|eri  vat  ions  of  self  (-lei  t  lomagiietie  for,  e  ami  |iovver  in  ('hapt"i  3  eiiinally 


confil'ui  tht'  discrepancy  liu'  i,ore:itz- AUrahain  i'orce  and  pinsa'r  r(j\iations  oi  motion. 

( 'haptcr  1  introdnces  a  more  <lel  ailed  pint  nre  of  t  he  l.orent  z  mod('l  of  t  lie  <-lect  ron  as  a  charge 
imitoimly  distributed  on  the  surface  of  a  nonrotaliiig  insulator  that  remains  spherical  with 
radius  II  in  its  [)roper  inerii.il  ref(‘renc<'  frame.  A[>|)lying  the  relativ’ist  ic  version  of  Newton's 
second  law  of  motion  to  tfie  surface  charge'  and  insulator  se'parate'ly,  w<'  prove’  tlie  remarkable- 
conclusion  of  Poincare’’  that  the  elise  repancy  betwe'e-n  elu’  Lore’ntz  Abraliam  force  and  powe-r 
eejuations  ot  motion  is  cause’el  by  the  neglect  of  the  short-range  dipole  forces  binding  the- 
cliarge  to  the  surface  of  the  insulatear.  F.ven  though  tlu’se  short-range  dipole  forces  ne-ed 
not  (e)ntribute  to  tlie  total  se-lf  force  or  re’st  e’ne’igy  e)f  formation,  the’v  arid  to  the  total  self 
powe-r  <tn  amount  that  e-xae  lly  eance-ls  the’  elisere-pane  v  betwe’e-n  tlie-  be:)re'nt z- Abraham  feerie- 
anel  penver  e’cpiations  of  me)tie)?i.  More-ove-r,  the-  perwer  e-cpiation  of  motion  modified  by  tin- 
aelelit  ;ou  eel  the  peewe-r  elelive-re-el  ley  the-  binelmg  fore  e-s  neew  transforms  re-lat  i  vist  ically  like’ t  he- 
powe-r  elelive-re-el  tee  a  jeeeint  mass.  With  the-  aelelitieui  eef  Ifoineare’’  bineling  force’s,  the  [eowe-r 
e‘eiuatie)n  ejf  mention  eef  the'  beere-nlz  nueelel  eef  the-  •■le-e  tren  de-rive-s  freem  the-  I, eerentz- Abraham 
tore  e-  e-eiuation  eef  meetieen.  <ind  no  leeinge-r  neeels  se|)ai  ate’  consiele-rat  ieen . 

()1  (  lairse’,  Peeine  are'-  elid  neet  kneew  what,  we-  eio  teeelay  abeeut  the  iiature-  of  these  surfaee- 
leue  e-s  whe-n  In’  piilelishe  e!  his  I'-sults  in  PttKi,  so  he-  simply  assume-el  the-  ne-e  e-ssity  of  "ot  he-r 
tore-e-s  i'  bonels"  th<it  tran-ieenne'el  like-  t he  e-le-e-t reemagnetic  feeree-s.  Also.  Pe>incare’’  elrew  his 
cejiie  lusions  freem  the-  <uial\sis  ot  tin-  lie'lels  anel  foree-s  eef  a  chargee!  sjehe-re’  mox'ing  with  eeui 
slant  ve-locity;  .se'e-  .Se-ction  1.1.  I  he-  ele-ri vatieen  in  Se-e-tion  4.2  from  the  re-!  ,tivi,stic  version 
e)t  Newton  s  seeeeml  law  ejf  me/iiou  re-veals,  in  aeMitie).  to  the-  eeriginal  Poincare*  stress,  beeth 
"inhome igene-ous"  anel  '  tiomeige’ne’eeus"  surface-  stre-sse-s  that  are’  re  epiire-el  tee  ke-e-p  the  surfaee- 
chariie-  bounei  tee  the-  insuhifoi  meee  iug  with  arbitraiw  eenter  ve-locity.  'I'he-  e-xtra  inhomoge- 
ri'-e.-us  siicss  inte-g!ate-s  to  zeivi  wlie-u  e  ale'uiating  tiie-  total  binding  fore'e’  ami  pov.-er.  The-  extra 
homei'ge-ne-euis  bineling  feu'ce-  anel  j)e)we-r  just  e‘e|ual  the-  ne-gative-  of  the-  time-  rate-  of  change-  e)f 
mome-ntum  ami  e-m-rgy  m-e-ele-el  tm  aee-ele-rate-  the-  mass  e)f  the-  une'haige-el  insulate)!'.  It  alse) 
eanishe-s  wtu-n  the-  mass  e-i  tin-  tineharge-el  insulate)!'  is  zero. 

The-  mass  ot  (lie-  une  ha!'ge'<!  insi!late'r  sheeuiei  ne>l  be-  e:e)nfuse')i  with  the-  ''bare-  ii'iass  "  esf 
the-  suiiaee-  eharge-.  leiel.ie  the-  bare-  mass  sheeiiM  be-  vie-we-ei  as  si!!iply  a  mat hematieal !y 
ile-fiiied  mass  !e-e|ime-el  te)  ii;ak)'  the-  I  ,e>!'i-nl  z- .A  brah  a !  !i  feu'ce-  e-epiat  eeen  e)f  entitle)!!  e’eempat  ilele- 
with  ill-  rclat  ieistie  \e-!'sio!i  ed  .\e-wton  s  se-coiiel  law  ol  !ne)tien)  aeiel  the-  Pinsie-i!i  nia,ss-e-ne-ig\' 
n-laiioii.  .Mso.  the-  ai.alysi-  lei  See Ueeui  I.'g  e'onfi!'!i!s  the-  origiieal  results  of  Pteincaie’-  that  the- 
lo!'(t•^  buielmg  the-  e'ha!'<ie  lo  llie-  m--i!!ate)r  re-ieieive-  the-  inconsiste-nr\'  be-twe-e-!!  the-  l..e)re!]tz- 
.Xbraliam  leiece-  anel  peiwei'  e-epM!  io!i-.  t)f  en.iieou  fth.tl  !s.  beteet-e-n  se-!f  loie'e-  aenl  j)ower).  but 
do  :iol  re-i!ie)\e’  tile-  l/.J  la'  lo:'  miillijiiyeiig  the-  eletl !  ■  i-^t  ,it  it  mass  in  tlie  <‘e|iiat  ieiiis  e)f  motion 
or  ree|i:ire’  the-  meimi-iitiim  e  n<-r'jy  lo  Ira'-sloim  as  <i  feiur- ve'i  teu  .  With  the  aeldition  of  the- 
l-iinlniti  lore  e-s,  ihe  teii'ce  peiwi  ! .  but  not  tlie  ineuneii!  um  e-ne-rgy.  transfeirms  as  a  fonr-\'ee'te)!'. 

(  iiajite-r  .)  eletei'innie's  the  !  e-l,i  I  lonshi  ps  be-lw<-i'!i  the-  \'arie)us  masses  (ele-elromagnet  ie', 
elect  lost  a  I  if.  bate-,  me.tsii  I'etl ,  anel  m.>nlalo!'  mas.a-s)  i!i\'ol\'e-tl  with  the  anal-, 'sis  eif  the-  i  l.'is 
sieal  model  ol  the  elei't  !e)!i  as  a  fhat'geel  insulaltir.  Spee'ifii  ailv,  the  i'iinstein  n!ass-e-neig\ 
:elaliou  ilemands  tli.il  tin-  me.e-ureel  m.iss  of  the  e'haigeti  insulator  oepials  tin-  sum  ol  the 
'  a  (t ;  ■  ot  ,|t  n  mass  ami  the  ii  i.i-"  •  4  tin-  um  hargeil  nisuiatoi'  (which  ca  ii  i  m  luiie-  a!i\'  mass  ei  in- 


ti)  gravitational  Holds  and  I  ho  sh<»ri  rango  dipolo  Idko-,  ijindinti  tin-  rl),ii!>:o  to  iIk'  iiiMdaioi. 
d  tlioir  (a)nt ril)nl  ion  to  tho  o'st  onort;\  o)l  lorination  is  not  hoidiL’ililoi  i  lo'  rolai  r\  i'-!  a  \  .'i 
Sion  oi  Nowtoids  soiond  law  ol  motion  llani  <1*  nands  tlial  tlio  moi  i<  iiiui!i  o(  liic  ^o  ;allo(l 
l)a!'o  mass  0(|uais  t  ho  d itlormwi’  hotwoon  t  ho  niomoi.t  nm  ot  i  lu'  ol<  i  l  roiinmni  t  io  mass  and  t  lio 
(■loot, lost atic  mass,  la'gardloss  of  tli(>  value  ol  tlio  mas.  •  1'  ilu’  insniatoi. 

It,  is  the  negative  liaro  mass  that  remove's  tho  1/d  l-ictor  irom  t  iio  oloot  rost  atn  mass  in 
tlio  Loront.z-  ,'\l)r<di,mi-  I’oincard  o(|nat.ion  of  mot  ion  and  m,i  ko-'  the  mm  i  ir'nt  nm  ol  the  <  liarRi  d 
insulator  oompatihlo  with  the  ('loot  rost  <t1  lo  ro.st  onorR'v  o!  loim.itiom  Willi  tiio  inohisioii 

ot  both  tlu'  hare  mass  and  hindiiiR  strossev,  the  iiioiii'';,!  nin  oni'iirv  will  a--  toioc  junvor 

transform  as  ioiiio vectors.  Why  Loront/,  .Ahraliam.  and  the  roncral  ])h>sii >  oonmiunil\' 
assiimod  as  late  as  IDl.'i  that  tin'  hare  mas.'.  w,is  /oro  is  explained  in  .Section 

I  lu'  final  result  ol  tin'  analysis  e.f  ( 'hapt  I'l  .'>  is  an  e<pia  t  ,i  ni  o|  mot  i(  i  I'J  I  lor  a  i  harged 

ill;  111  at  or  comi.uil  ilde  with  the  .Max  wi 'll  l.oo'iit  /  ('(juat  loio,  the  rota  1 1  \ist  ie  \-er'-i(,ai  of  .Vea’ton's 

si'cond  law  ol  motion,  and  tin'  f'.iiistein  mass-eiu'rgy  relation  i  1  he  possibility,  considered  by 
Dirac,  ot  ('Xtra  moiin'iit 'Lim-energy  terms  ni  the  o'lat i\ ist  ic  \<'rsion  ol  .Ni'wton's  second  law 
ot  motion  lor  chargi'd  [larticles.  ami  the  <  (indit  ii.-ns  t  he^e  term-  should  'atis)\,  are  ilisi  issed 
in  Section  ■').  1 . 1 . ) 

Chaptt'f  ()  bi'gins  liy  su.nmarizing  tin'  transformation  properties  of  the  dillerent  force- 
ptrwers  and  moment  um-energies,  and  deriving  ;i  total  st  res"- moment  um-eiiergy  li'iisor  that 
accounts  for  th('  binding  forces  atid  bare  mass,  as  w<'ll  as  t  he  eiet  t  romamn't  i(  s('|f  force  for  the 
ch;irg('d  insnhitor  modi 'I  of  the  eh'ct  roii .  We  t  in'n  coiisidi'f  the  re<leli  nit  loim  oi  eh  ct  romagnet  ic 
moment  um-t'iK'i gy  that  ha\'e  ber  ii  pro()osed  to  obtain  coC'istent  monn'iit  nm  and  ein'i'gy 
ediiations  of  motion  without  introducing  spe<  ilic  bindinc  lorc's  and  hare  mas.se.s.  W'ith  the 
excepfioti  of  t.he  momentum-energy  ol  Schwingi'i's  tensors  ['.!()],  the  redi'lim'il  momi'iitum- 
eiK'fgy  (h'lisities  can  lie  found  for  the  l.oreiit/  model  of  t lie  (']('<  i  ion  b\’  multiplying  tlie  fonr- 
\’elocity  of  tlu’  ccnti'r  of  the  ('xt('iu.i<'d  charg''  by  an  invaii.mt  turn  lion  of  tin'  ('h'ct romagin't ic 
held.  I’he  total  moment  nm-energ_\' of  t  he  cliaigi- <list  ribiit  ion  mo\'ing  witli  constant  \'elocily 
tlien  transforms  as  a  four-\('ctor,  and  for  arbitrary  velocity  pi<'dicis  consistent  \/a  ti'rms  for 
the  sell  force  and  s('lf  pitwer.  that  is,  consis'ent  Ifa  I. 'tins  in  tin'  [(ua c  and  pmt'er  efjiiations 
ol  motion.  However,  t  h(’s<’  invari.mt  !<'(l('l  nitions  ol  ('lei  t  roina.iiin't  ic  moment  um-en('rg\'  do 
not  lu'edict  t  h('  (furect  radiation  reaitioii  terms  in  I  tu' e(|iiat  ions  of  motion. 

Schwingi'i's  iiK'thod,  [dtlj  cuiisisls  of  writing  the  foiac  powi-r  df'iisity  as  the  diw'rgeiire  of 
tensor  that  depends  on  the  cliarge  <  urieni  di.st  rifuit  ion  for  eharae  mo\iiig  with  constant 
w'locity.  1  his  (  harge-enrrent  tensor  is  sulii  ixicieil  frotii  the  oiiRinal  elect  roinagnel  ic  s!res^'- 
mr'iiientum-energy  tensor,  to  obtain  a  divf'igem ('l('ss  s|rm,s  m<.-'ment nm  ejn'iito'  tensor  (when 
the  'celocity  is  constant)  ai  a  ti.ital  moment  imi-i'iiergy  that  transform''  as  a  fonr-vector. 

1  his  method  produces  t  In'  corici  t  radiat  ion  r(  act ion  terms  as  wi'H  as  C(>nsist('nt  I  / u  ‘.('rms  in 
the  fon  ('  and  power  ('(|na  t  ions  ol  mot  ion  lor  ai  bit  rarv  v'ek.x  it  \ ,  1  In'  t  enso’-  result  ing  from  this 
iiK'thod  is  ambiguous  to  within  an  arbitral'  di\crg('nce|ess  tens(<r,  .btliwimier  concentrates 
oil  two  tensors  which,  lor  .i  thin  shell  ot  ch.iige,  are  (•(jui\.d''iit  lo  the  si  ress  nu.iineiit  uni-i'n- 
ei  g\'  tensor  dero’ed  for  the  ct.,irti('d  iir-ui.iior  wln'ii  tin'  wilin'  o|  tin'  mass  ii!  the  insiilatoi  n 
'111 '  '('11  e(|ual  to  zero  and  m, , 


ul  tlit'sf'  iiictluKls  ()1  ii'iicjiniiie  tli<'  clc  t  roiiiagiH'l i<  (  iicrg}'  rccjUirc  tin’ 

1  t'iiKi'.a'i  I'i  tlu'  4/3  lac  loi'  multiplying  the  i  o.-^l  at  tnaNs  in  the  iniginal  ecjnatioiis  ol 
motion.  1  licv  ha\-('  tin-  '!rawl>a('k  lot  tlu'  I.ori'itt/  niot!<‘i  (,t  ti,(-  ('Icct luti  of  itajiiiring  unknown 
>fh  tone  and  powau'  i olcct  nnnagnet  ic  or  ot itcrwi^c)  that  d(.i  not  ('(jual  tin'  I.orcntz  force  and 
power.  .\l,-,o.  none  ol  the  redi'luicd  ,<t  !('■<'•  moment iim-en;-rgv  tensois  i.'ctA'er  the  secondary 
hind  mg  lorces  necessary  to  hold  the  accel<  -rat  ing  <  h<!  i  ge  to  the  .‘-nrface  t  lie  in.su  la  tor.  dims, 
redi'lming  the  elect  roinagnet  u  moment  um-enei  gy  seems  an  unattractive  allt'rnative  t.o  the 
iiet('rmiuist  ic  binding  forces,  hate  m.tss  and  total  st  re.s.s  inomentum -energy  tensor  derived 
lor  the  charged-insulat oi  modi'l  of  the  e.xtetuled  electron. 

In  Chapter  7,  general  ex])rt  ssioiis  lor  tlie  monn'iitum  and  <'nerg\'  of  the  moving  cliarge  are 
deri\  ed  from  tlie  etpuit  iou  "f  m, ,t  ion ,  I'h.e  re\'i'rsil)le  kinet  ic  moment  um- energy,  t  lu'  reversible 
Sciiott  acci'lerat  ion  momentum  (Mieigw  and  th.e  irreversible  ladiatioii  moment  um-t.niergy  are 
separated  in  botli  tliif'e  and  lorn  vector  notation,  .\ltcr  t.lie  .ipplicat  ion  ol  an  e.xternal  force 
to  the  charged  jrartich'.  all  the  momt'iit uin-(Miergy  tha.t  has  Ix'eii  sniiplied  by  the  externa! 
ioice  has  het'ii  converted  ('iitirelv  to  kiiietn  and  lacliated  inomeiitmn  energv.  However,  while 
the  ( 'Xiernal  forcr’  is  lieiiig  applied,  the  moment  inn  energy  is  convt  rted  to  .Schott  acceleration 
momentum-energy.  ;is  well  as  kinetic  and  radiato!  moinent.nm-iMK'rgy. 

.\n  understanding  of  the  ‘'Scholl  a< celm-at ion  momentum-energy"  as  reactive  momen¬ 
tum-energy  may  he  gained  by  looking  at.  time  liarmoiiK'  motion  and  comparing  the  energv 
ot  t  lie  osrillatiiig  charge  witli  tlie  re.u  t  ivtMUH'rgy  of  an  antenna.  It  is  also  conlirtnod  that  tlie 
coiiservat ioti  of  moment mim'iieruy  is  not  viol.tted  by  a  charge'  iti  hyperitolic  inotioti  (rela- 
tivistically  unifortn  accclcrat  a m  i,  or  by  the  hoiuogeneoiis  runaway  solutions  to  the  evjiiation 
of  mot  iell. 

( 'iiapt  er  8  hegiii'  Ity  solving  t  iu’  e(|nat  um  ot  mot  uui  for  the  ext < ‘tided  t  liarge  in  reel  i lit leai' 
mot  iuii .  When  one  neglects  i  iu'  liiglu'f  order  terms  |  in  ratlins  n.  i  of  t  he  etpiat  ion  of  motion,  one 
obtains  the  well-known  |)re-a<<'<'lerat,ioii  solution  under  the  two  asvitiptot ic  (onditions  that 
the  aiai'lerat  ion  approaeliis  /cro  in  the  distant  lutmc  (when  tin'  exti.'rna!  ku'ct'  ap|)roach<'s 
/.'■ro  m  the  distant  tiitiirel  aiui  tlu'  vi  locity  a.ppio.uhes  /('ru  in  llu'  rt'inote  past.  It  is  shown 
that  this  pie-aeceh'i'at  ion  sointuni.  which  violatt's  eausaiity.  is  not,  ;i  strictly  valid  solution  to 
the  I'tiuatioii  of  motion  ol  the  cxteiuled  I'haigc  because  the  pre-accelerat  toil  does  not  satislv 
the  ri't|im  emt'iit  that  the  negieded  inglier  eereh'i'  terms  in  u  are  negiigibh'.  I’nfort  uiiatt'lv. 
when  hmfier  order  terms  in  I  he  l.orent/.  .Mtialiaiit  Poincare  e(|ua!  ion  of  unit  ion  art'  rt'taiiu'd. 
the  iioiii  a  iisal  pre  .u  <  I'lei  ,it  um  i  etna  i  ns;  its  t  tine  dejn'iidt'iice  met  civ  clia  nge.>. 

Ill  Set  turn  S.'J  tiie  loot  (Xiiiseol  the  iioiaxins.d  j  li  i  ■  a  i  ( ('It'ra  t  ton  sointum  is  ti, ued  to  the 
a.-simipi  ton  in  tlu'  classual  tjei  i\-at  ton  ol  the  sell  elet  t  iniiiagiu't  u  Imce  that  the  [lositioii. 
\  t'lot  1 1  y.  and  accelei  at  ion  ol  eai  h  '■lemeti;  ol  <■  ha ;  ge  at  the  ret  ardeil  1 1 ,  i  le  can  he  t'x  |ui  tided  in 
a  lavior  series  about  the  pieseui  lime,  \\  lu'ii  the  (■■.tt'inal  lorct'.  assumed  zt'ro  for  all  time 
less  than  zt'fo  and  .iiialvin  |oi  all  lime  grc'.itt  t  lliaii  /ero,  is  ajijilied  at  '  0.  thi'st'  'lavloi 

set  le-  expansions  art'  iiivalui  iliinng  the  initial  sl.ei:  tune  iiileival  lighi  take.s  to  travt'ise 
the  (liarge  dist  ribilt  uill  III  ■  f  ’2ti  i  c :  \\  lien  liie  <le|  iv,il  loll  (4  !  lit  sell  lorct'  IS  flone 

pi(i|)e'lv  lu.ii  /  I).  I  he  ladl.iiioii  icatlion  land  e.ii  ii  liiciu  i  otth'i  i<)'iii)  ui  tlu'  etpialion 

ol  iiio'iori  is  multi|ii:ed  bv  .a  laat'e'iiot.  Iiiiicliou  tli.a  increases  nK.iioionu'.dlv  Irom  /t'ro  to 


unity  (luring  tlu'  I  inu'  iutorval  ai)|)r()Mitiial('l\-  (-(lu.il  lo  'Ju/''  .1  Her  ;  lie  <  xn  :  iiul  loi  i  f  1-  ,1  |ipli<  il. 
lumaikablij,  shkiII  cornchon  ni  lln  iijiiiilion  i>J  uni/nui  ’  -Jinlti  tin  mu,  1  mi  -a/ 

jin-dcct  Ic  rat  1011  from  lli(  soliilioii  to  tin  iiiualioii  of  motnni.  inthnii!  1  n  t  mil  mi  m;  ^:mnii:i> 
bthainor  at  t  —  0,  oi'  (Icstroynii/  tlu  l■oranlUh:!  of  th-  /ijiiiition  of  iimtion.  Ii  aNo  I'usuic^ 
that  the  initial  acceleration  of  the  charge  e(juaK  the  initiall\  aj)[)lii'<l  exteinal  lurce  (iiciilrd 
by  the  mass. 

If  one  is  not  concernetl  with  the  proja’i'  l)eh<i\i()i  of  the  -^1111111011  'o  the  e(|uaiioii  of 
motion  (luring  the  time  imm('(iiatel\'  alter  the  extnnai  forci-  i-  tir-^i  apiilieii.  oiio  can  obtain 
a  couV('nient  j)ower  st'iies  solution  to  the  e(|ualion  of  motion.  I  In-  fii-^t  two  tmu';  of  ihi'' 
power  series  solution  ai<'  found  in  Section  S..'l  lor  the  reilirme,!!  cijuaiioii  ol  motion,  and  in 
S<'(  1 1011  8. -I  for  t  h('  geiK'ral  ('(pi  at,  ion  ot  mot  ion  ol  t  he  exi  I’lidcd  charge,  for  the  special  rase  of 
a  charg('  moving  in  a  uniform  magiu'tic  lield.  the  first  two  term''  rediiro  to  the  pertui  liatiou 
'^olutimi  obtained  for  the  synchrotron  radiation  bom  high  en<'rg\'  electrons.  I’he  synchrotron 
solution  cmerg('s  in  ti  simple  form  convenient  for  determining  tin-  trajectory  of  the  electron, 
as  well  as  its  chaiigt'  in  eti<-rg\’  iiiid  radius  ol  (■urv.itun-  per  unit  time. 

Section  S.b  c(/nsiders  the  linite  ditfereiice  e(|uation  of  motion  of  the  extended  election 
tluit  tiiis  been  |)ro|)os('d  as  an  .illeriiative  to  the  dilfemit  iai  equat  ion  ol  motion.  W'e  find 
1  hat  there  is  lit  t  h'  justilicat.ion  to  accept  I  he  linite  difference  <'(piat  ion  a>  a  v.did  ('(puii  ion  of 
motion  b('('aus('  ii  neglects  all  nonliiietir  let  ins  (in  tiu'  [noper  fraiiH'  of  the  charge)  iiixolving 
products  of  the  lime  derivatives  of  the  N'ekx  ity,  and  r('t;iins  a  homogenemis  runaway  solution 
that  leads  to  prt'-acceleration. 

Cdiapter  8  ends  by  considt'iing  the  possibility  of  (h'termiiiing  (txplicitly  the  third  and 
(ligiier  orclt'f  terms  in  the  powt'r  series  solution  to  the  ('(ptation  of  motion.  I'or  tin-  rlcr- 
tron.  tluxse  third  and  higher  order  terms  produce  a  chaiigr'  that  is  less  than  tlu'  ('rror  caused 
by  ignoring  (piantum  elfects  [odj.  Kenorm.dizing  the  mass  in  the  e(piation  of  motion  to 
a  linit(’  vabie  as  th('  radius  of  the  charge  airproaclu's  zero  olimiiiales  the  third  and  higliei 
(irth.'r  terms,  but  sacrifict’s  a  detaih'd  undt'rstanding  of  the  internal  phxsics  of  the  cliarge 
distribution.  1  he  rt'normaliz.ed  version  of  the  corrected  ('(pi.itioii  of  motion  differs  fnun  tlu' 
Lorentz-Dirac  renornwdiz.ed  e(piation  of  motion  loi-  the  point  charg(‘  by  the  (luri'ction  func¬ 
tion  that  multi|>li<'s  tin'  radiation  reaction.  ,\s  in  the  cast- of  the  oxtended  cliargi'.  this  slight 
correction  to  the  Lorentz-Dirac  erpiation  oi  motion  of  tin  point  cliatge  eliminates  the  non- 
ctiusal  pre-acceleration.  .As  a  const'tpience  ol  the  renormali/al  ion.  howe\er,  the  acceh-rat  ion 
t  imes  the  renormalized  mass  of  the  pi.uiit  charge,  ju.'l  after  t  la-  exteriud  Ion  e  is  applied,  does 
not  erpial  the  initial  value  of  the  external  lon  e,  as  it  does  loi  the  evn-ndeil  chiirue. 


Chapter  2 

LORENTZ- ABRAHAM  FORCE 
AND  POWER  EQUATIONS 


2.1  Force  Equation  of  Motion 


lowai  J  the  end  of  the  nineteenth  century  Lorentz  modeled  llie  electron  by  a  spherical  shell 
of  uniform  surface  charge  flensity  and  set  about  the  <lifTicult  task  of  derix  ing  the  equation 
of  motion  of  this  electron  model  by  determining,  from  Maxwell’s  equations  and  the  Lorentz 
force  law.  the  retarde'd  self  eleciromagne'tic  forcet  that  the  fields  of  the  accelerating  charge 
distribution  e.xert  upon  the'  charge  itself  [1],  With  the  help  of  Abraham,  a  highly  successful 
the'orx  of  the'  moving  ele'ctrexn  mode'l  was  comple'texl  l>v  the  e'arly  IDOD's  [2,3].  Before  F,in- 
>lein's  |)a!)e'rs  [l,')]  on  spe'cial  re-lativity  ap|)e'are'd  in  l'J05,  they  had  de'rixe'd  the  following 
hu'ce  eeiuat  i(jn  of  tllot  ioti 
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(l  u-/r^y\  (){o'")  --  ^  o„(u)«" 

lor  a  "I elat  ivist  i(  ally  rigid  .-^phoncal  she'll  of  total  c  harge  e  and  radius  a,  moving  (without 
rotation)  with  arbitiarx  (enter  velocity,  u  =  *t(0-  externally  applie'd  force'  F,j.d/). 
1  he  ^peed  ol  light  and  pe'i  iiiit t  i vity  in  tree'  .s|)ac«'  are  denoted  by  r  and  eo,  respective'ly. 
1  he  I  a !  lonalixed  mks.\  international  systi'in  of  mitts  is  used  throughout,  and  dots  over  the 
\(lo(  iiy  (h'liote' (lilierent  lat  ion  with  re-spect  to  tiiiM'. 

"llelatix  istically  rigid'  lelers  to  the  partieular  mode'l  of  the- ele'ctroti,  ])roposed  origitially 
Ic.  l.oK  ntz,  that  mniaiiis  s|)heiiial  in  its  i)rope'r  ( instantane'oiis  rest)  frame,  and  in  an  arbi¬ 
trary  inertial  frame-  i^  contracted  in  the-  direction  of  ve-locity  to  an  oblate  sphe-roid  with  minoi 
axis  eijiial  to  2r//‘>.  I.ore-nt/.  however,  used  the’  wore!  "deformable'’"  to  refe-r  to  this  model  of 
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the  electron.  (Mv('n  a  if'lat ivi.sticallv  rigitl  finite  body  caniun  stiinly  cxi^t  Ijccausc  it  would 
transmit  motion  instantaneously  throughout  its  iiniu  voiuuK  .  .Xunc-t  lu  icss.  om’  mrikcs  the 
assumption  relatis'istically  "rigid  motion"  to  <i\-oid  the  po-^silu!ii\'  dI  exc  iiing  \  ilu lona! 
mode's  within  the  extended  model  of  the  eh'ctron  [(»,  f>p.h51  1-ldj.) 

Likewise,  "without  rotation”  nu'ans  that  the  angular  \-eloeity  ot  earti  point  on  tiie  xjihere 
is  zero  in  its  proper  frame'  of  reference'. 

Lite  derivation  of  the'  eliffe-rent  iai  e'ejii.ition  ed  moti<en  CJ.l)  re'ijiiires  that  the*  ve-Ka  ity  and 
e'xternally  applie'el  ferree'  be'  analytic  limetiejiis  of  time'.  I  his  is  rli-'Ciissed  in  Cliapt''!  ^  wlieii 
elealing  with  the'  preildem  of  pre'-ace  e'le'i  at  ieai. 

l  ire'  infinite'  summation  e>l  oreh'r  (i  m  the-  e'e|uation  ed  meU  ion  (d.l)  gea-s  to  ze-iw  as  </ 
approaches  zero.  1  he  inequalities  (8.21)  in  .Se'e  tieen  .''.2  give'  i  he  e'ondit  ieuis  on  tlm  time' 
derivatives  of  the  ve'leecity  erf  the'  charge'  for  ne'gle'cting  the'  (tie)  !,.|ms  in  (2.1).  .Xame'ly.  it  is 
sufncienl  that  the  fractieuial  changes  in  the'  se-conel  anei  highe'r  time  eh  rival i-.e's  e,l  ve'lercity  be' 
small  eluring  the  time'  it  take-s  light  ter  travel  ae  reess  the'  e  haiin'  eiist  ribnt  ion.  .Mternat  ively. 
the  ineepialities  (8. '17)  combine  with  (8.  Hi)  in  Se'e  tiein  8.3  to  slmw  tlmt  tiie-  Uia)  te-rms  in 
(2.1)  are  negligible  if  the  frae'tional  ehange's  in  the'  tirst  anel  liighe'r  time'  de'iivative's  eif  the 
e'xternally  applie-d  fence'  arc  small  during  the'  time'  light  trave'ise's  the  eiiaige'. 

The  right  siele  of  (2.1 )  is  the'  ne'gative'  erl  the'  self  ele'e  l reemagne't  ic  ieu'e'e'  F,,  de'termiiii'd  ley 
Lerre'iitz  anel  Abraham  for  the'  nierving  e  harge  eiist  ribut  ion.  I'hus  (2.1)  e'V|)re'sse's  .Xe'wtuu's 
se'conel  law  of  motieni  for  the'  shell  erf  e  harge'  whe'u  the'  unkiierwn  "bare"  mass,  or  "mate-rial" 
mass  as  Lorentz  calleel  it.  in  Ne-wlon's  se-eonel  law  erf  nurtion  is  se-t  e-epial  ter  zerer.  iW'ilh  the 
acceptance  of  spe-cial  re'lativitv  [l]  anel  in  particular  the-  Linste-in  mass-e'ne'rgy  e'e|ui valence 
relation  [5],  it  is  tier  longer  valid  to  assunx'.  as  did  Lerre-nlz  anel  .Abraham,  that  the'  bare'  mass 
is  indejrendent  erf  the  e'h’ctrostatic  e'lie'rgy  erf  ferrmatiem.  tlnit  i^.  iiide'pe'neh'nt  of  the-  total 
e'harge  e'  and  radius  a.  We  shall  re-turn  in  t'hairte-r  5  ter  the-  subje-e  t  erf  the-  bare  mass  and  the 
(|uestion  of  why  larre'utz  rl  al.  belie've'el  the-  bare'  mass  erf  the-  e-h-e  trem  was  negligible'.) 

Hemarkably,  the'  sire'cial  re'lativist  ie'  fae  terr  y  in  I  he  t  ime'  rate'  eri  ehange-  erf  mome'ut  um  (first 
term  on  the  right  sieh'  erf  (2.1))  and  the'  raeliatiern  re-ae  tiern  seL  Iok  e-  wit  h  e  ere'liicie'ut  e  ■■’/(i-e,)C^ 
t  hat  doesn’t  depeiul  on  the  size  or  shape' ol  t  he' cha.rge  (se-eernd  te-rm  erii  the-  right  siele- of  (2.1 )) 
we-re'  both  cerrre-ctly  re-ve-aled,  ser  that  (2.1  )  is  invariant  ter  a  i e'la t ivist  ie-  1 1 ansferrmat ieui  frerm 
one  inertial  refe're’nce'  frame'  ter  anothe-r.  1  hat  is.  lie>th  .-^ieie-s  erl  the-  fore  e-  e'e|uatiern  e>(  mot  iern 
(2.1)  transferrm  cervariani  Iv.  .Mene’erve-r.  erne-  e  cruld  <  hererse-  the-  laiiiiis  e;  sue  h  that  the-  ine'rtial 
e-lectrermagnetie'  rest  mass 

>a,f  -  . -  (2.2) 

tiTe|,ee‘ 

e'e|ualeel  the  measure-el  re-st  mass  erf  the-  e-le-e  t rern. 


2.2  Power  Equation  of  Motion 

.As  leriig  a.s  Lerre'iiiz  .iiiel  .Abraham  Imnie'el  I  he-mse'l  v  cs  to  tin-  'h'livaliou  ol  the-  foree-  ('e|u,ition 
erf  mertiern  (2.1).  I  he'V  saw  ner  ine'ernsisl  i-neies  m  iljc  Leue-utz  moih-l  ot  tin-  I'le.tron.  l.ore-ntz 
was  unconcerned  with  the-  te-rms  erl  eneie-r  e/  that  ar«'  H'-gf-e  ted  in  tlu'  st'h  lerrei-  be'cause-  he- 


assuinocl  the  classical  radius  ot  the  electron  was  both  realistic  and  small  enough  tdiat  only 
the  "next  term  of  the  serii's  [the  radiation  reaction  i.erm  in  (2.1)]  makes  it.self  felt”  [.‘1,  s<-c. 

I.orentz  and  Abraham  \v('r<‘  also  unconcerned  with  the  electromagnetic  mass  mef  in  (2.1) 
equaling  4/3  the  electrostatic  mass  ni,,,  defined  as  the  energy  of  formation  of  the  spli(>rica! 


becausr*  thev  derived  t  h<'  e(|uat  ion  <>f  mot  ion  (2.1)  befori'  lt.inst c'in  s  I'.lOo  papers  on  relativistic 
electrodynamics  [1]  and  the  mass-energy  relatifin  [.h].  In  neither  of  the  original  editions  of 
their  books  [2,3]  do  they  mmit  ion  the  1/3  factor  in  the  ini'rtial  electromagnetic  mass  of  (2.1) 
being  incompatible  with  the  electrostatic  energy  of  formation,  or,  conversely,  the  energy  of 
formation  of  the  electron  having  to  equal  the  in<-itial  electromagnetic  mass  times  [7]. 

In  inOl.  however,  .Muaham  [8].  [2.  secs.  15  and  22],  [3,  sec.  180]  derived  the  following 
power  erpiation  of  motion  for  the  Lorent^  relativist ically  rigid  model  of  the  electron  by 
determining  from  Maxwell’s  e(|uations  the  time  rate  of  change  of  work  done  by  the  internal 
electromagnetic  forces 


Grioe  (I I 


1  \  3-v2 

—  ^  U  U  +  — -(u-u)^  +0(a). 


.As  .Aliraham  and  I.orentz  pointe'd  out,  the  power  eipiation  of  motion  (2.1)  is  not  consistent 
with  the  force  equation  of  mot  ioti  (2.1).  Specifically,  taking  the  scalar  product  of  the  center 
\elocit\'  u  with  eiiuatioii  (2.1  I  gives 


F, .  m  u  - 


Tt„<l  <lf 


(iTTCuC 


-(u-u)^  +(')((■/) 


whilii  diifers  from  (2.4)  by  tlu'  term 


,1 

2  \Tr(Qa  (If 

4  liis  is  the  discrepancy  between  the  force  e(|uation  of  motion  and  I  hi'  power  equation  of 
motion  for  the  I.orentz  model  that  concerned  .Abraham  and  borentz;  namely,  that  the  scalar 
juodm  t  of  u  with  the  tiiiu'  rate  of  change  of  the  <4<'ci romagnetic  momentum  did  not  equal 
the  timt  rale  of  change  of  tlu-  work  done  by  the  internal  electromagnetic  forcivs. 

I'nlike  the  force  eipiatiou  ol  motion  (2.1).  the  hd’l  and  right  sick's  of  the  powc'r  equation 
of  motion  (2.1 1  do  not  trausfoM,i  covariantly;  se*'  .Ap|)endix  .A.  Moic'cncr.  neither  the  forc<'- 
powc:  on  the  right  sides  of  (2  1)  and  (2.4)  nor  the  momentum-energy  transforms  as  a  four- 
vectoi  :  oc  Sei  tion  b.l .  (l.orent/  and  .Abraham  did  not  mention  and  were  jcrobably  not  awan- 
ot  thi'  i.onecivarianc e  because  these  ecpiations  were  discussed  outside  the’  gc'iieral  framework 
and  without  the  correct  velociiv  t  r.insformations  of  sjic'cial  rc-lativity.  compare  [9]  with  [4].) 
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After  the  derivation  of  (2.1),  they  still  saw  no  |)rohl<'in  with  the  1/d  factor  in  the  inertial 
eleetroiuagnetic  mass,  nor  with  the  conventional  (‘leclromagnet ic  inomentnm ciK'igs'  />' r  sf 
(before  taking  the  time  derivative)  failing  to  transform  as  a  r('lati\  istic  fonr-vei  tor.  .Moreover, 
if  one  rewrites  (2.1)  in  four- vector  notation  to  obtain 


GTTfQd  (Is 


'  <Pu'  ,<la,i{ii^\ 
(irro, 


I  2 .  (  i 


one  recovers  equation  (2.1)  and  (2.-'))  iixnii  (2.7)  and  mi>se>  entirc’lv  the  (bs(  reqain  y  intro¬ 
duced  by  the  power  eciuation  of  motion  (2.1)  deriv<'d  from  .Maxwell's  e<iuations  by  .Abraham. 
(If  the  mass  in  (2.7)  is  "renormalized"  tt)  a  finite  value  as  the  radius  of  the  charge  approaches 
zero,  the  0(n)  tt'rins  vanish  and  (2.7)  becomes  identical  to  the  borentz-Dirac  equation  of  mo¬ 
tion  [10,11];  see  S('ction  8.7.  I'.arly  n,s<‘  ol  th<‘  four-vector  notation  for  th<'  radiation  reaction 
part  of  the  etpiation  of  motion  (2.7)  can  be  found  in  I'auli’s  article  on  n'lativity  thc'ory  [b.  sec. 
i?2|.  Herein  we  use  the  four-vector  notation  of  Panofsky  and  I'liillijts  [11],  who  lujrmalizr'tl 
the  four- velocity  to  be  dimcn.siotd<'ss.) 
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Chapter  3 

DERIVATION  OF  FORCE  AND 
POWER  EQUATIONS 


The  inconsistency  between  the  power  and  force  equations  of  motion,  (2.4)  and  (2.1)  or  (2.5), 
is  so  surprising  that  one  is  teni|)ted  to  question  the  Abraham- Lorentz  derivation  ([8],  [2,  secs. 
15  and  22],  [.3.  sec.  ISO])  of  (2.1 )  and  (2.4).  Thus,  let  us  take  a  careful  look  at  their  method 
of  derivation. 

I  lie  right  side  of  (2.1)  is  the  negative  of  tlu'  self  electromagnetic  force,  and  the 
right  ^ide  of  (2.4)  is  the  negative  of  the  work  done  per  unit  time,  l\i,  by  the  internal 
electromagnetic  forces  on  the  moving  shell  of  charge;  specifically 

Fe((t)  =  f  p(r.t)[E{rJ)  +  u(rj)  X  B(r,t)](iV  =  --^co  [  E  x  BdV  (3.1) 

Jcnrirge  ut  Jail  space 

=  I p(rj)u{rj) -Eir, t)dV  = I  {E'^  +  B'^)dV  (3.2) 

Jdh'irje  (it  L  Jail  space 

where  />(r, /)  and  u(r.  f)  are  the  density  and  velocity  of  the  charge  distribution  in  the  shell, 
and  E(r,t)  and  B(r,/)  are  the  electric  and  magnetic  fields  produced  by  tliis  moving  charge 
distribution.  1  he  magnetic  field  does  not  appear  in  the  first  integral  of  (3.2)  because  the 
magnetic  force  is  perpendicular  to  the  velocity. 

1  he  second  equations  in  (-3.1 )  and  (3.2)  are,  of  c(nirse,  identities  derived  from  Maxwell's 
equations,  assuming  there  aiv'  no  radiation  fields  beyond  a  finite  distance  from  the  charge 
distribution  [12,  sec.  3,5,  eq.(25)  and  sec.  2.19,  e<|. ((>)]. 

For  the  Lorentz  relati\  ist  i<  ally  rigid  model  of  the  electron,  the  charge  density  and  ve¬ 
locity  of  each  part  of  the  shi'l!  cannot  be  the  same  for  an  arbitrarilv  moving  shell  if  the 
shell  is  to  maintain  its  spherit  al  shape  and  uniform  charge  density  in  its  proper  frame  of 
reference  (inertial  frame  at  rest  instantaneously  with  respect  to  the  center  of  the  electron). 
In  particular,  the  relativistic  contraction  of  the  moving  Lorentz  model  of  the  electron,  from 
a  spherical  to  an  oblate  spheroidal  shell,  demands  that  the  velocity  of  its  charge  distribution 
cannot  be  uniformly  equal  (ex<  epf  in  the  |)roper  frame)  to  the  velocity  of  the  center  of  the 
shell  denoted  simply  by  u  =  u(/)  in  our  previous  equations  (see  Appendi.x  A).  If  u(r, /)  did 
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not  depend  on  the  position  r  within  the  shell,  as  in  Ahraliam's  nundnU  lacting  i nonn  i.aivis- 
tically  rigid)  model  of  the  electron  [2],  u(r, /)  could  be  brou!>lil  ont.side  tin-  charge  integrals 
in  (3.1)  and  (3.2),  would  equal  F,,  •  u,  and  th<-  discre[)ani  >  (2,())  betud-n  (i  l  l  ami  (2. a) 
or  (2.1)  would  va  ish.  Such  a  model  is  unrealistic  becaust'  it  would  have  a  singh'  po  ferred 
inertial  frame  c  '  -cicrence  in  which  it  were  spherical  (with  fixeil  radius  a)  and  its  major  ax;^ 
would  stretch  •’a  infinite  length  in  its  proper  frame  when  its  velocity  with  respert  to  the 
preferred  frame  approached  the  spevd  of  light. 

Still  we  can  ask  d  >he  variable  velocity  in  the  charge  integrals  of  (3.1)  and  i3.2)  ior  tlu' 
Lorentz  model  of  the  electron  actually  produces  the  discn'p.iin  y  (d.bj  bet  ween  ecpiations 
(2.4)  and  (2. .5)  or  (2.1).  For  a  charge  with  velocity  other  than  zero,  both  .Abraham  ami 
Lorentz  derived  the  first  terms  on  the  right  sid<'.s  of  (2.1)  and  (2.1),  the  t('rms  in  question, 
not  from  the  charge  integrals  in  (3.1)  and  (.3.2)  but  by  evaluating  the  momentiiin  and  energy 
integrals  (second  int('gral.s)  in  (3.1)  and  (3.2)  for  a  charge  mo\'ing  with  constant  \'elocity 
with  respect  to  time,  then  differentialiitg  the  resulting  functions  of  velocity  with  ie>[)ect  to 
time  [2,  sec.  22],  [3,  sec.  180],  We  know  that  falsely  setting  the  charge  velocity  u(r./i 
inde])endent  of  r  in  the  first  integrals  of  (3.1)  and  (3.2)  eliminates  the  discre])ancv  (2.(1).  Is 
it  really  justifiable,  as  Lorentz  [3,  sec.  183)  and  .Abraham  [2,  sec,  23]  argin'.  to  assume  a 
charge  velocity  constant  in  time  in  the  second  intf'grals  of  (3.1)  and  (3,2)  t(;  derive  tin'  first 
t('rms  of  (2,1)  and  (2.4),  the  tt'rms  that  produce  the  discrepancy  (2.(1).^ 

Apparently,  this  question  was  not  (h'cided  with  certainty  until  the  work  of  .Schott  [13] 
who  derived  both  the  force  and  power  etpiations  of  motion.  (2.1)  and  (2.4),  by  evalualitig 
directly  the  integrals  in  (3.1)  and  (3.2)  over  the  charge  distribution  for  the  Lorentz  model  of 
the  electron  moving  (without  rotation)  with  arbitrary  center  velocity  u  .  In  particular,  his 
evaluation  of  the  charge  integral  in  (3.2)  iinh'cd  yielderi  the  i>ower  equation  of  motion  (2.4) 
to  prove  that  the  discrepancy  (2.6)  with  the  force  e<iuation  of  motion  (2.1  )  actually  existed. 
In  fact,  Schott’s  book  appears  to  Ix'  the  first  reference'  in  which  either  the  force  or  j)ower 
equation  of  motion  can  be  found  in  the  gejteral  form  of  (21)  and  (2.4).  To  (d)tain  these 
(■(juations  from  the  work  of  Lorentz  and  Abraham,  one  has  to  i)iece  togetlu'r  the  results  of  a 
number  of  their  papers  or  various  sections  of  their  books  (for  example,  schs.  28,32.37.1  7‘J. and 
180  of  [3]  plus  secs.  1.5  and  22  of  [2]). 

.Schott’s  derivations  of  the  force  and  pow<'r  ecpiations  of  motion,  (2.1)  and  (2,4).  from 
the  charge  integrals  of  (3.1)  and  (3.2)  involve  e,xtr<-mely  tedious  mard|udat ions  of  (ht'  double' 
integrations  of  t  he  Lienard- Wiecherl  |>otentials  for  an  arbil  rai  d v  moving  charge  ciist  ribut  ion . 
I'he  y  are  so  involved  that  .Schott’s  rigorous  approach  to  tlu'  analysis  of  the  Lort'iiiz  mode'! 
of  the  electron  has  not  appeared  or  l>een  rejeeated.  as  far  as  1  am  aware,  in  any  sulise  ejuent 
review  or  textbook.  Page  [14]  also  derivc's  the  force  erpiatioii  of  motion  (2.1)  by  e\aluating 
and  integrating  directly  the  self  electromagnetic  fields  over  the  diarge  distribution.  However, 
Page’s  derivation  doc's  not  show  explicitly  the  variation  in  vehx  ity  of  the  charge'  di'-t  riluilion 
thiougnout  i'nc  shell.  <iiid  Hius  it  cannot  Ix'  used  tc'  tlie  i)i)Wei  ecjuation  of  uiotion 

(2.1). 
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3.1  General  Equations  of  Motion  from  Proper-Frame 
Equations 


Lorcnlz  also  derived  the  foi<  ('  ('qiiatiori  of  motion  from  the  charge  integral  for  electromagnetic 
force  in  (3.1)  by  means  of  a  double  integral  of  the  Lienard-VVuechert  potentials,  but  only  in 
the  proper  frame  of  the  electron  where  the  velocity  of  the  charge  is  zero  and  the  derivation 
simplifies  greatly  to  yield  the  w<'ll-known  result  [3,11]  (derived  in  Appendix  A) 


hTTfom- 


:U 


bTTfiiC 


-ii  +  0(a),  u  =  0 


to  which  the  gemeral  foive  e(ji!alion  of  motioj)  rf'diiees  when  the  velocity  u  in  (2.1 )  is  set 
eriual  to  zero  (or  when  (  Ii/r'r  <  1). 

l  or  a  velo<  ity  much  less  than  the  speed  of  light,  a  (h'rivation  performed  in  Appendix  .A. 
similar  to  Lorentz’s  derivation  of  (.3.3),  but  applied  to  the  charge  integral  for  electromagnetic 
power  in  (3,2),  yields  the  small- velocity  power  etpialion  of  motion 


U 


u  •  u  — 


GtroiC 


u  ■  u  -f  0(«), 


(3.4) 


to  which  the  general  power  e(iuation  of  motion  (2  1)  reduces  when  only  the  first  order  terms 
in  ii/'c  are  retained.  Note  once  again  that  the  scalar  product  of  u  with  the  force  equation  (3.3) 
does  not  yii'ld  the  power  eipjation  (3.4).  Section  A.  1.2  of  Appendix  A  shows  explicitly  that 
the  \ariafion  of  the  velocity  ovit  the  charge  distribution,  even  for  (u/c)“  1.  must  be  takim 

into  account  to  derive  the  correct  <*xpression  (3.4)  for  the  small- velocity  electromagnetic 
power. 

Now  equations  (3.3)  and  (3.4)  raise  an  important  cpiestion.  Since  the  force  and  power 
eiiuations  of  motion.  (3.3)  and  (.3.4),  are  derived  rigorously  from  (3.1)  and  (3.2)  for  u  aj)- 
proaching  zero,  why  not  simidy  a[>|dy  th<'  relat i\ist ic  transformation  to  the  velocity,  its  time 
flerivat ives,  ainl  the  exi(’rn<ii  lurce  in  (3.3)  and  (3.1)  to  obtain  the  general  equations  of  mo- 
tum  (2.1  )  and  (2.4)  in  an  arbiliar\  Irame.  I'heieby,  oiu'  would  avoid  the  dillicult  evaluation 
of  the  self  fence  aiul  power  directly  from  (3.1)  ami  (3.2)  for  a  relativistically  rigid  shell  cd 
charge  moving  with  arbitrary  centm  velocity  u  . 

Indeed  a  relativistic  transformation  of  li.  ii  and  F,j-(  in  the  proper-frame  force  equation 
<jf  motion  f.3.(})  produces  the'  gi-neral  force  eepiat ion  of  motion  (2.1)  [l.h.bj.  However,  tin' 
same  relativistic  transformations  ajqrlied  to  (3.4)  produce  the  equation  (six'  .Appendix  .A) 


F,  I  u 


,h. 


riiiii 


i^r' 


b-ioc'’ 


u  •  ii  f  --^(u  •  u)'’ 


(3.r.) 


wiiich  iloes  not  agree  with  eiti.er  the  general  power  e()uation  of  motion  (2.4)  or  theeipiatiun 
(2.  >1  oliiained  from  the  scaiar  product  of  u  with  the  force  equation  of  UK'lion  (2.1). 

Ibis  ap[)arent  [laradox  is  explained  by  returning  to  (3.1)  and  (3.2).  Since  the  self  force 
and  >elf  power  in  (3.1  )  and  (3.2)  are  (|uantities  obtained  by  integrating  over  a  finite 
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distribution  of  charge  and  are  not  the  force  and  power  api)lied  to  a  jjoinl  mass,  it  is  not  valid 
to  apply  the  point  relativistic  transformations  of  force  and  (enter  velocity  (and  deri'.atives 
of  velocity)  to  determine  the  general  values  of  the  integrals  in  (d.l)  and  (d.2)  fixun  their 
proper-frame  or  small-velocity  valiu's.  For  the  force  ecjiiation  of  motion,  the  integrated  self 
force  (3.1)  maintains  the  transformation  properties  of  a  |)oint  for(('.  and  thus  the  point 
relativistic  transformations  can  still  be  applied  to  obtain  the  gcmeral  integrated  sell  huxe 

(3.1)  in  an  arbitrary  inertial  frame  from  its  proper-frame  value  on  the  right  side  of  (3.3). 
(Unfortunately,  one  proves  this  fact  by  performing  the  difficult  evaluation  of  (3.1)  in  the 
arbitrary  inertial  frame.)  For  the  pK)W(M'  e(|uation  of  motion,  howx'ver.  the  integrated  i)o\ver 

(3.2)  does  not  transform  as  the  time  rate  of  change  of  energy  of  a  moving  point  mass  (s(x_' 
Appendix  A),  even  as  the  radius  of  the  charged  shell  approacln's  zero,  and  thus  tin'  point 
ix'lativistic  transformations  a[)plied  to  t he  small- vxdocity  power  (right  sich' of  (3.1)  as  u  0) 
do  not  give  the  correct  value  of  the  power  in  an  arbitrary  inertial  frame'  (right  side  of  (2.1)). 

P\om  the  viewpoint  of  the  electromagnetic  stress-momf'ut uin-energy  te-nsetr  (discussed 
in  Chapter  6),  it  is  not  surprising  that  tlu'  power  equation  of  motion  dcjes  not  transform 
covariantly,  because  the  electromagnetic  stress-moment um-c'iu'rgy  tensor  of  a  chargeil  she'll 
is  not  divergence'less  and  the  electromagnetic  moment nm-e'ne'igy  dcM's  not  transhuni  as  a 
four- vector. 

In  summary,  then,  since  the'  point  re'lativistic  transformations  do  not  necessarily  apply  to 
an  integrated  force  or  power  (and  the  ele'ctromagnetic  stre'ss-meune'iitum-energy  te'nsor  is  not 
divergenceless),  it  is  not  mathematically  rigorous  to  use  tlu'se'  1 1 ansformations  to  find  the 
integrated  self  force  and  power,  (3.1)  and  (3.2),  in  an  arbitrarily  moving  inertial  ix'fi're'nce 
frame  from  their  proper-frame  or  small- velocity  expre'ssions  (3.3)  and  (3.1).  .Meue'over,  as 
explained  in  Section  3,  the  classic  Lore'iitz- Abraham  derivat  ion  of  (2.1)  and  (2.1 )  for  arbitrary 
u  also  lacks  rigor  because  it  depends  upon  the  ('valuation  of  the'  mome'ntnm  and  energy  of 
a  shell  of  charge  moving  with  constant,  rather  than  arbitrary  time  varying  ve'locity.  Thus, 
it  appears  that  Schott’s  book  [13]  contains  the  only  rigorous  derivation  to  date'  of  both  the' 
force  equation  of  motion  (2.1)  and  the  power  equation  of  motion  (2.1). 

Since  this  highly  commendable  derivation  by  Schott  is  also  e'xtrcme'Iy  tedious  and  difficult 
to  repeat  or  check,  a  much  shorter,  simpler,  y<'t  rigorous  derivat  ion  of  t  he'  se'lf  ('lee  t  romagne't  ic 
force  and  power  is  given  in  Appendix  B  by  applying  the  re'lativistic  transformations  of  the 
electromagnetic  fields  at  each  point  within  the  arbitrarily  mewing  shell  of  charge'  before' 
pe'rforming  the  inte'grations  in  (3.1 )  and  (3.2).  (.Ml  these  (le>ri\atieuis  el('|)enel  upeen  e'xi)aueling 
the  position,  velocity,  and  acceleration  of  each  element  of  the'  eharge  at  the'  retarele'd  lime' m 
a  series  about  the'  pre'sent  time.  When  the  e'xte'rnal  fore  ('  is  applie'ei  at  /  =  0.  ha\  imi  be'cn 
Z('ro  for  t  <  0,  Se'ction  8.2  shows  that  these'  se'rie's  ('xpansions  must  be'  modifie'd  slightly  ne'ar 
t  =  0.  This  slight  modification  eliminate's  the  i.'uic''..isal  jux'-ae ce'lerat  ieen  that  plague  s  the 
solution  to  the  unmodified  equation  of  motion;  see  Chapte'r  M.) 


Chapter  4 

INTERNAL  BINDING  FORCES 


In  Ai)|)riK!ix  li,  we  have  rritically  (onfiniu'd  the  evaluation  of  tin'  s('lf  elect romagnetic  for<<’ 
and  ijower.  (3.1)  and  (3.2),  leading  to  th<‘  forc(>  and  powa'r  equations  of  motion  (2.1 )  and  (21 ). 
Yet  (2.1)  and  (2.4)  are  inconsistent,  since  taking  the  scalar  product  of  u  with  (2.1)  gives 
(2..j).  which  differs  from  (2.1)  by  the  term  (2.6).  Not  only  the  self  electromagnetic  rnomen- 
tum-energv  but  also  the  self  electromagnetic  force- [)r)wer  fails  to  transform  as  a  four-vector. 
What  has  goin'  wrong? 

do  s(’<'  cl(>arl}'  tin'  iiroblem  and  its  resolution,  it  heljis  to  tiivorce  tin  analysis  of  the  moving 
sph  erical  shell  of  charge  from  i  lie  (piestion  erf  whether  it  mochds  the  eh'ct.roii.  1  he  analysis  is 
based  entirely  upon  c  lassical  lields,  lorc<‘s,  and  charges,  and  the  extent  to  which  it  dcscribc’s 
the  internal  structure  of  tlu'  electron  is  irrelevant  to  the  (jnestion  of  thi'  inconsistency  be¬ 
tween  tti('  force  equation  of  motion  (2.1)  and  tin*  power  equation  of  motion  (2.4).  We  could 
enter  our  classical  laboratory,  distribute  a  charge  uniformly  on  the  surface'  of  an  arbitrarily 
small,  massless  (or  nearly  mas>l''ss).  relativist  ie  ally  "rigid”,  insulating  sphere,  accelerate  this 
charged  sphere,  and.  presuniably,  get  consistent  results  betwec'n  the  force  that  is  required  to 
accelerate  the  spheix'  and  the  (lower  delivered  t(>  the  ^jihere. 


4.1  Poincare  Binding  Forces 

Poiin.iK’  visiializc'd  such  a  model  in  his  1906  |>aper  on  the  d3nami(s  ol  tin'  ('lectron  [itij. 
( .Ae  tna ll\',  Poincare  [16,  s('(  .  li|  nx’ntious  the  charge  distinbuted  on  a  condiu  tor  rather  than  an 
insulator.  We  choose  the  insulator  model  to  avoid  the  possibility  of  the  charge  redistributing 
itself  when  the  sphere'  rnove.^.l  lie  argued  that  tlu'only  way  the  charge  could  re.'maiii  on  tin’ 
sphere’  was  for  there'  to  exist  binding  force's  exe-rte-.l  on  the’  charge  by  the’  instdator  that  would 
exactU’  cancc’l  the  re’puNixe  pealiem  ol  the’  cdc’c  t re)magnc'tic  force’s,  I  he'se'  internal  binding 
lorcc’s  are’  not  optional,  tin  ",  arc  nc’cessarv  ;n  a  stable’  classical  borent/  moele’l.  They  are  the 
short-range’  dipole  hrrees  that  actually  e’xist  at  the’  surface  of  the  insulator  to  hold  the  excess 
charge  to  the  surface’.  Altheaigh  Poineaim  did  not  ha’.c’  todax's  knowledge’  of  the  nature  of 
the  inle’rnal  binding  force’s,  he’  assume’d  them  c-xeste-el.  id  epue’e  the'  I-’nglisli  t ran.-Iation  ol 
Poine  are’’.  "  1  he’refore'  it  is  iinleed  m  ee-ssary  to  assume  |in  the  l,orent/C  mode’!]  that  in  addition 


to  electromagnetic  forces  [of  the  excess  cliarge  alone],  there  are  otln'r  forces  or  hoinh"  [lo. 
sec.  1]. 

Thus  the  total  force  exertcJ  on  tin'  charge  in  both  the  force  and  i)o\ver  <’<|uatiuns  ol 
motion,  (2.1)  and  (2.4),  must  include'  these  internal  binrling  forces  (which  we  know  today 
are  also  electromagnetic  in  origin)  as  well  as  the  internal  <‘lect  romagiu'tic  forces  of  the  exc  ess 
charge. 

For  a  stationary  charged  sphere,  as  Foinc  are  ex|)lained.  the  Itindiiig  force's  e'xe'ited  by  the 
re'lativistically  rigiel  insulator  on  the  exce'ss  charge-  must  lx-  e(|iial  anel  oi)])Osit('  the-  repulsive 
electreunagnet ic  ferrees  proeluee-el  by  the  e-xee-ss  charge-  distribution,  lloweeer.  in  oieler  to 
include  the  binding  forces  in  the  ferree-  anel  perwer  e-epiations  eT  motiern,  e)ne'  has  to  know  the 
value  of  the  bineiing  forces  fe^r  an  arleitrarily  moving  slie-ll  of  charge'.  Poincare'  elete'rmine-d 
tlie  internal  bineiing  ferrees  on  a  merving  she-ll  by  assuming  a  "postulate'  of  relat ivit\" ,  name-ly 
that  the  "impossibility  of  e-xpe-riment  ally  elemonst  rating  t  hi'  absolute-  movenie  nt  of  t  lit-  e-art  h 
woulel  be-  a  general  law  erf  nature''';  and.  m  partii  ular.  hvpeii  liesi/ed  with  l.tucnt/  se-c. 
S]  that  the  internal  loree-s  in  the-  Fore-ut/  moelel  woulel  t)be\  llio  same  1 1  aiisformat  ion-  that 
.Maxwe-ll’s  eeptations  implie-d  for  the  e-le-ct  romagne-t  ic  fore  e-s  [1(1.  I  nt  rodiu  t  louj.  tPerini  at  e'  eiid 
not  have  the  betie-fit  erf  Einste-in's  relativity  pape-rs  [l.bj  when  he-  subtiiit te-ei  his  pape-r  [Ki] 
in  .Inly  1905,  err  the'  kitowleelge  that  the-  binding  ferrees  were  sliott  latige-  dipeile-  fotee-s  of 
e-lectromagnetic  origin. ) 

As  a  conseepie'nce  of  this  latter  hyperthe-sis,  Perincare-  eire  w  a  startling  cotielusiern.  I  he 
internal  binding  forces  that  canceled  the-  inte-rnal  self  e-le-ct  rest  at  ie  ferrci's  erf  the-  exe-ess  e  harge- 
ern  the  sphere  at  rest,  when  transforitieel  ter  a  moving  she-ll.  irouhl  not  cotitribute-  to  the-  total 
self  force  on  the  moving  charge  but  would  contribute  ter  tin-  tertal  t  ime-  rate-  erf  change  of  energy 
(power)  delivereel  to  the  charge-  in  the-  Ferre-nt/  mode-l  of  the-  moving  charge.  Spe-cifically.  wlie-ii 
Poincare-  assumed  with  Lorentz  that  the-  sphe-rical  shell  cermiere-sse-el  to  tin-  shaire  erf  an  oblate 
spheroid  in  the  elirectiern  of  its  velocity  by  a  faeterr  erf  -  o’jr^.  the-  time-  rate  of  change-  of 
the-  binding  se-lf  e-ne-rgy  just  caneele-el  tlx-  eliscrepane  y  (2.(i)  in  the-  powe-r  e'i|u;itie)n  erf  iiurtion 
(2.1). 


do  see  herw  Perineare-  arrive-el  at  this  re-mai kable-  re-sull.  be-ein 


with  t he-  e-k'ct rost at  ie-  fore'e- 


pe-r  unit  surface-  e  harge 


f"  -  — 


( i.n 


ferr  a  stationary  sphere  erf  raelius  a  ainl  tertal  e  harge  e .  Fhi'  Iriinling  fem  e-  pe-r  unit  e  hargi- 
re'e|uire-el  to  herlel  the-  charge-  on  the  stationary  sphere-  is  tlie'ii  give-n  by  tin-  m-gativc  erf  f,')  err 


Nreye/'' 


(4.2) 


Now  let  the  chargetl  sphere  move  with  a  cernstant  vclercity  u  anel  eemtract  in  the  elire-ctiuii  erf 
u  ter  an  erblate  spheroiel  with  minor  axis  e-e|ual  ter  <i\J\  —  ie‘/e  '^  =  e;/- .  1  In-  Ferrentz  force  law 
anel  Maxwell's  e-epiatierns  a[)plie-d  to  this  mere  ing  erblate- sphe-reriei  [rre-die-t  that  t  he  e-le-et  rost  at  ie 
force  per  unit  charge-  in  (  FI)  anel  thus  the-  binding  fence-  [re-r  unit  i  harige-  in  (  1.2)  translorms 


ter 


fr.  -  +  C 


'O  /  ' 
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wliere  t  tio  subscripts,  j|  arul  rclcr  to  the  tbicc-vcclor  coini)oni'!)t  s  ]>ai'allc!  and  P'’'p  i.dic- 
ular  to  the  velocity  u.  The  t  laiistoi med  bindiii*!,  fon  e  ii'  (  1,3)  is  directed  along  the  no  iiial 
into  the  surface  of  the  oblat('  sfiheioid. 

I  he  binding  force  per  unit  charge  (1.3)  integrated  over  the  surfai  <  cliarge  of  the  ob  ate 
s[)fieroid,  because  of  its  sytiunetry.  .gives  a  lt.)tai  binding  foivf  F,^  t'lpia!  t'l  zero  as  in  the  (  as(' 
of  the  stationary  s[)l!ere.  that  is 

F.  -  /fob  =  /  (l-^i  3  C/y)./r  =  0.  (4.3) 

J K  har-y  J ci'  .t  y 

}{ow<'\'er,  the  work  taken  by  tin'  tunding  Icn'ces  iioin  the  charge  dist  ribut  if)n  as  tlie  cha’g*' 
accelerates  from  zero  to  vadociiv  u,  il  we  can  assume  (1.3)  is  \alid  for  the  accelerating  charge 
as  well  as  the  charge  moving  with  constant  velocity,  wotdd  h>e 
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/  cn-.ir 

./-I  ,  tf 

i  Jenargt-  j^tirosu 

w  heiv  0  is  the  angh’  Ix'twcen  t  he  positioti  v<'clt)i  r  to  the  <‘lement  of  charge'  (h  and  the  velocitv 
It,  I  lie  (  harge  eK'ment  rh  (  an  be  e,\pre.ss''d  as  the  product  e)l  the  sutlace'  charge  detisity  on 
the  sj)lier«‘  (c/lrra")  and  the  projeetion  of  th*'  surface-  are’a  e'leme'iit,  e)t  the'  sjrlu're'  onte>  t  he 
plane  perpendicular  tee  u 


■iTTn-  cec-  ,9 


(  l.(i) 


Frotn  (-1.2).  tlie  ititegraud  of  (  l.o)  can  be  re'wvitte'v,  as 


F"  •  (/rii  - - ;  eosth/r,' 

.S  ei.e;* 

Subs!  it  lit  ion  e)l  (  1 ,() )  am!  (  IT-  into  (  I  ..n  I  ,gi\t  s 


(4.7) 


(4.S) 
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iojual  ie.'iis  (l.S)  diid  (  l.'t)  ie\(',il  tli.P  the  woi  k  taken  1<\'  tin-  ititertial  bindit.g  feirce's  as  t  he 
spheiieal  e  hat  ge  (lot  ribul  ton  ac  ( e-lei.ite-^  aiid  (xnlraets  to  the'  sh.ape  o!  ,m  eeblate'  .^irhe'roid 
is  the  same-  as  the  work  taken  ii-,  a  i-.uistaiit  jue'ssure,  < ‘■’/327r‘ r,,(,' ' .  oti  a  s[)here  that  is 
(Viitipressed  to  ati  oblate  -'pheioid.  Iti  i !.('  we>rds  ol  the*  Ivnglish  translation  ed  Pe)iticare’'.  "I 
have  artetn|>ted  ter  (hlermnie  this  loiec.  arnl  I  feeimd  that  it  can  be*  eompareel  to  a  constan* 
e.vte'inal  picssure  acting  on  1 1m  deformalde  and  <  eimjere'.'sible'  ^'le',  t  ron ,  the'  work  erf  whieh  is 
prop(  (I  I  lon.d  to  the  '.aviation-'  oi  tin  '■olnme' oi  thiseleetroii  |ib.  Introduct  lonj. 


riic  negative  of  the  time  derivative  of  (1.9)  delertniiic^  the  woik  dcjiie  [x'r  uni*  tinif. 
In  the  internal  binding  forces  on  the  moving  charge 


-c^  d 

2 iTfoa  dt 


1  l.lOi 


til  at  must  be  subtracted  from  the  right  sifle  of  t  he  |)o\V(  r  equal  ion  ol  mot  ion  (2. 1 ).  ( 'oni  paring 
(-1.10)  with  (2.6),  we  s(>t',  as  Poincare  <iid.  that  the  time  rate  of  ihanse  of  the  work  lioiie  on 
the  charge  by  the  binding  force  requiri'd  to  k<'<'i)  the  charge  on  the  insulator  just  cancels  the 
discrepancy  (2.6)  in  power  between  the  [lower  e<p;at ion  of  motion  (2.1)  and  the  force  equation 
ot  motion  (2.1).  As  (4.4)  shows,  the  Poincare  binding  f  rces  do  not  alti'r,  however,  the  total 
force  on  the  charge  distribution,  nnd  thus  thr  forn  ajuulinii  of  iiiolioii  (J.  /),  mriudnig  Iht  .//.y 
factor  multiplying  the  electrostatic  mass  (d.d),  n  mams  iinalffchil  by  tht  Poincart  binding 
forces.  Neither  does  the  power  (.{.10}  delirired  by  the  Poincart  binding  forces  remove  th> 
.{/S  factor  from  the  power  equation  of  motion  (d.fl.  nor  do  tlu  ^t  binding  forces  change  th> 
rest  energy  of  the  charged  sphere  because  li),  in  (f.9)  reinisht.'  when  u  is  zero. 


4.2  Binding  Forces  at  Arbitrary  Velocity 

rhe  formulation  and  integrations  of  the  F’oincare  binding  forces  in  the  previous  section  are 
based  on  the  fields  and  forces  of  charges  in  uniform  motion.  It  is  unciu  tain  that  these  rc'sults 
obtained  assuming  a  constant  velocity  are  valid  for  a  siiell  of  charge  moving  with  arbitrary 
velocity,  especially  when  taking  the  time  derivativi,*  of  (4.9)  to  detcrmini'  the  contrii,>ution 
(4.10)  of  the  internal  binding  forces  to  the  power  (‘quation  of  motion,  riius.  wi'  shall  derive 
the  molecular  binding  forces  ni'eded  to  keep  the  charge  on  an  insulator  moving  wit  li  arbitrary 
velocity,  assuming  that  the  charge  remaitis  uniformly  distributed  on  the  s))h('rical  insulator 
in  its  proper  inertial  frame  of  reference.  (Incidentally,  the  (juestion  raised  b_\  .\braham  and 
Lorentz  [3,  sec.  182]  of  what  kc’eps  th<'  electron  in  stabh  (quilibrium  can  lx-  answined  for 
the  charged  insulator  model  as  the  noncla.ssical  molecular  ('iii'igy  i  onligurations  kee;)iiig  the 
insulating  material  "rigid”  in  its  pro[>er  frame;  .s«h'  .Section  1.2.1.) 

('onsider  the  shell  of  total  charge  c  in  its  jiroper  frame  as  a  unifoitii  distribution  of  \olu.ue 
charge  density  located  between  the  radius  a  and  «  +  ^,  wln-re  h  is  t  he  limit  inglv  small  t  hickness 
of  the  spherical  shell  (see  Pig.  1).  At  theoiK’  instant  of  timt'  /  in  its  [tropor  frame  the  celcx  ity 
u(r,  t)  of  the  charge  at  every  position  r  within  the  shell  is  zero,  but  the  acceleration  u{r./) 
and  higher  time  derivatives  of  velocity  are  not  necessarily  zero  nor  indepeiident  of  position 
r  within  the  shell. 

In  .Appendix  (’  we  determiru’  the  internal  idectric  and  magnetic  fitdds  in  the  proper  frame 
of  the  accelerating  shell  of  charge,  and  in  particular  find  the  self  elect  romagni't  ic  force  p<'r 
unit  charge  within  the  shell  to  equal 
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total  charge  o 
unitormly  distributeo 
vvithin  a  thin  shell 


Figure  1.  Lorentz  model  of  the  electron  viewed  in  its  proper  frame 
(u(r,0  =  0,u(r,t),u(r,t)  . . .  .  /  0). 


(Ill  (1.1  1).  as  throughout,  when  u  and  its  time  derivatives  are  written  without  the  explicit 
functional  dependence  (r,/),  tlu'v  rider  to  the  velocity  and  its  time  derivatives  of  the  center 
of  the  shell.) 

1  he  force  on  any  volume  element  of  charge  in  the  shell  is  the  sum  of  the  externally 
applied  force,  the  internal  electromagnetic  force,  and  the  internal  binding  force  on  that 
element.  From  Newton's  second  law  of  motion,  we  assume  the  sum  of  these  three  forces 
cHjuals  an  unknown  "bare'’  mass  of  that  charge  element  multiplied  by  the  acceleration  (sec 
Section  n.l).  Speciftcally 

f,,.t(r.t)  +  f,dr,0  +  =  — u(r.O,  u  =  0  (d.l2) 

e 

where  f,  j-dT!  O'  fo;(r,  / ),  and  f»,(r,  ( )  are  the  external,  internal  self  electromagnetic,  and  inter¬ 
nal  binding  forces  |)er  unit  charge,  respectively,  at  the  position  r  in  the  shell  at  the  instant 
of  time  /  in  the  |)ro|)er  frame  (u(r,  /)  ==  u(t)  =  0). 

1  he  .'O-i  ailed  bare  mass  which  I.orentz  set  e<|ual  to  zero,  should  not  b('  associated 
with  the  uncharged  mass  ol  llie  insulator  on  whicli  the  charge  is  placed.  In  principle,  the 
mass  of  the  insulator  laii  be  made  negligible,  but  ,\/o  on  the  right  side  of  (4.12)  is  dependent 
upon  the  charge  d('s[)ite  its  traditional  label  as  ‘'baia’”  mass.  Fhe  following  derivation  shows 
that  the  binding  forte  is  inilependeiil  of  the  vahu'  of  the  bare  mass  Mq.  (The  determination 
of  the  mass  .Uy  and  ihe  reason  Lorentz  thought  it  was  negligible  are  discussed  in  Section  5,1 
below,  ) 

In  (  1.12)  we  assume  the  bare  mass  ol  (lie  t  h.irge  is  uniformly  distributed  with  the 
charge  in  its  [)rf)per  frame  -<0  t  hat  the  bare  mass  per  unit  charge  at  each  point  in  the  spherical 
shell  is  M(,/( .  Similarly,  we  sha.ll  a.-stime  that  t.h<“  variation  of  the  external  force  is  negligible 
over  the  charge  distribution  so  that  it  is  applied  uniformly  (to  ord('r  a)  throughout  the 
[>roj)er-frame  shell.  i.<-. 

F’  1 1\ 

r,,,(r.n  =  -:t'_.|.o(«)  .  (1.13) 


{ 


As  a  consequence  of  the  shell  remaining  spherical  in  its  jnxjper  inertial  iraine  of  ix'fereiH  (>,  wv 
have  from  equation  (A. 8)  of  Appendix  A  that  the  acceleration  u(r,/)  of  the  charge  element 
at  r  is  related  to  the  acceleration,  ii  =  u(t),  of  the  center  of  the  nonrotating  shell  hy  tin' 
formula 

u(r,  t)  =  u  -  -^(r  -11)11  +  .  (1.11) 

r- 

Inserting  the  external  force  (4.13),  the  internal  self  electromagnetic  forc(>  (4.11),  and  the 
acceleration  from  (4.14)  into  the  equation  (4.12),  we  obtain 

-r'(6++3  + v)''  + 
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.\'ext,  integrate  (4.15)  over  the  entire*  charge  on  the  shell  to  get 
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r  •  fiiii  —  +  (2((b),  u  -  0. 


(4.15) 
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/  ()7rto<^'  J  charge 


since  the  integral  of  r  over  the  uniform  spherical  charge  distribution  is  zero.  Divide  (  I.IG) 
by  the  total  charge  t  and  subtract  the  r<*sult  from  (4.15)  to  show  that  the*  binding  force  has 
to  satisfy  the  equal  ion 


f6(r,/)  -  -  / 

6  Jeharge 

=  “  =  “■  ''.17) 

1  he  most  general  solution  to  (4.17)  can  be*  found  by  letting  the  binding  force  eciual  the  right 
side  of  (4.17)  plus  a  homogeneous  solution  f^.(,(r, /) 


o  ,  — e(r  —  u) . 

^^(^’0  =  - TV-'*  - 


47r£o<!>o^  Gttcoc'’  \ 
+f(,>,(r,  t)  +  0(a).  u  =  0  . 


r  -  1  uu  -  -|ul 


i  1.18) 


Substituting  from  (4.18)  into  (4.17)  and  again  noting  that  the  integral  of  f  over  the 

charge  distribution  is  zero,  one  sees  that  the  homogeneous  solution  must  satisfy  the  condition 


fbh(rJ)  =  -  f{bh(r,t)(l< 

C  Jeharaf' 


(4.19) 


The  right  side  of  (4.19)  is  not  a  function  of  [rosition  r,  so  the  left  side.  f^+r,/).  cannot  Ire  a 
function  of  r,  that  is 

h>,{rJ)  =  Uk(n  (1.20) 

and  (4.19)  reduces  to  an  identity. 
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Since  we  have  proven  that  tlie  homogeneous  solution  f;,/,  for  ihe  binding  force  is  inde¬ 
pendent  of  the  position  of  the  charge  element  within  the  shell,  it  does  not  average  to  zero 
when  integrated  over  the  <  harge  unless  it  is  identically  zero,  d'his  homogenous  binding 
force  is  e.xerted  on  the  insulator  in  the  opposite  direction.  Specifically,  if  the  rest  mass  ol 
the  uncharged  insulator  is  m,,,,  (assumed  uniformly  distributed  over  'he  sphere),  is  given 
simpK’  as 

— u  (4.21) 

( 

from  Newton's  second  law  of  motion  applied  to  th<-  insulator  in  its  proiicr  frame.  (The  inho¬ 
mogeneous  binding  torce  in  (4,1>')  is  also  e.xerte<l  in  the  (.([iposite  direction  on  the  insulator 
but  because  its  total  integrated  value  is  zero  it  does  not  contribute  to  the  acceleration  of 
the  rigid  insulator.)  Witli  tlu*  addiiioii  rd  the  i!<>mogeri<\>us  binding  force  (4.21),  the  binding 
force  (  I.IS)  per  uni;  charge  needed  to  ke<‘p  the  charge  on  the  moving  insulator  is  given  by 


Equation  14.22)  shows  that  the  binding  force  is  independent  of  the  bare  mass  A/q. 

Tlie  first  term  on  the  right  side  of  (4.22).  when  inti'grated  over  the  thickness  of  the  shell 
of  charge,  produces  the  static  binding  force  (4.2)  |)er  unit  charge  given  lyy  Poincare  [IG]. 

The  second  term  on  the  right  side  of  (4.22)  is  a  birnling  forci'  that  does  not  appear  in 
Poincare'.s  analysis  using  a  chargeil  shell  moving  with  constant  celoiity.  it  is  required  to 
cancel  the  self  electromagnetic  acci'leration  forces  in  (4.11)  that  vary  with  position  r  about 
the  shell. 

The  third  term  on  tlu'  right  side  of  (4.22)  accounts  lor  tlu'  force  exerli'd  on  the  charge  to 
accelerate  the  mass  of  the  uiic!iaig''d  insulator.  If  gravitational  fields  [17.18]  or  the  dipolar 
ImuJing  forces  cont rifnite  to  ilie  rest  energy  of  formation,  this  mass  can  lie  included  in  the 
mass  of  the  uncharged  insulator. 

W  hen  we  integrate  the  foi(<’  [x  i  unit  charge  in  (4.22)  over  the  shell,  the  first  two  terms 
on  the  right  side  of  (4.22)  vanisti  to  give  a  total  binding  force  erjual  to  the  homogeneous 
binding  fori:e 

=  I  h{r.  I  )<l(  =  u -■,-()(„).  ;/--n  (1.22) 

J  I,  ( 

needcil  to  accelerat<'  the  insul.itor  in  the  proper  irame.  Eurt h('rmore,  because  th('  first  two 
terms  of  the  inteiual  bindiroi  loice  !  1.22)  at  e\er\  point  within  the  chaige  shell  ecpial  t  li<' 
negati-.c  of  the  internal  elecMomagneiic  fmee  (!.!!).  except  for  the  terms  in  (4.11)  that  ar<' 
iinh'pendent  of  r.  the  anal\ses  in  .Appendixes  ,\  ;uk1  H  can  alsiJ  be  a|)plieri  to  these  intern.d 
binding  forces  to  obtain  tlie  totai  landing  forra'  and  the  total  power  d('li\eied  to  the  chargt 
by  the  iiinding  hrrees  in  an  aibitrai\’  frame  of  reh'rence.  In  particular,  the  generalization  ol 
the  s<-.  ond  term  on  the  right  side  ol  (4.22)  to  an  arbitrary  inertial  frame'  mti'grates  to  zero 
when  finding  the  total  binding  force,  and  leads  lo  a  leini  of  (;rder  a  whi'ii  finding  the  total 


power  delivered  to  the  charge  by  the  binding  forces.  The  first  term  on  tlie  right  side  of  (4.22) 
also  integrates  to  zero  in  an  arbitrary  inertial  franu-  bnt  coni ribnti's  to  the  power  delivered  to 
the  charge  by  the  amount  given  in  (2.6)  or  (4.10)  when  multiplied  by  the  velocity  ufr.  t)  and 
integrated  over  the  charge.  And,  of  course,  the  thir<i  term  in  (4.22)  g('neraliz«'s  immediately 
to  — m.„jd(7u)/df ,  which  contributes  — m,^,c^d7/d/  to  the  power  delivt'red  to  the  charge. 

Thus,  the  total  binding  force  and  power,  contributed  by  the  rigorously  derived  internal 
binding  force  per  unit  charge  needed  to  k<'ep  the  cliarge  on  an  insulator  moving  with  arbitrary 
velocity,  are  identical  to  those  given  in  (4.4)  and  (4.10)  by  Poincare  (for  a  massless  insulator. 
f'/ins  —  0)  using  binding  forces  inferred  from  the  fields  and  forces  of  a  (barge  distribution 
moving  with  constant  velocity,  that  is 


F,(0=  /f6(r,f)./(  = 
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d  Oi'i).  >1  =  i) 
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Pb{t)  =  ■  u(r,  t)de 

J charge 
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dt 


(4.24a) 
I  1.24  b) 


Recall  that  the  velocity  u(r,/)  for  each  portion  of  the  charge  distribution  cannot  equal 
the  velocity  u(/)  of  the  center  of  the  shell  (except  when  u(/)  =  0)  if  the  slu'll  is  to  remain 
spherical  in  its  proper  frame  of  reference  (see  Appendix  A).  Thus  ii(r.  t)  in  the  charge  integral 
of  (4.24b)  cannot  be  taken  outside  the  integral  sign.  Also,  we  rely  on  the  indirect  preu'edures 
ot  .Appendixes  A  and  B  to  determine  the  charge  integrals  in  (4.24)  for  an  arbitrarily  moving 
shell,  rather  than  transform  the  proper-frame  binding  force  i)er  unit  charge  (  1.22)  to  obtain 
the  general  binding  force  per  unit  charge'  f6(r,<)  in  an  arbitrary  inertial  fra'iie.  The  if'ason 
for  this  indirect  procedure  is  that  (4.22)  holds  for  difTere'ut  spatial  points  within  tin-  shell  at 
one  instant  of  time  only  in  the  proper  frame,  but  the  relativistic  t ransformat ion  of  (4.22) 
to  an  arbitrary  inertial  frame  for  different  spatial  points  within  the  shell  requires  the  force 
over  an  interval  of  time  in  the  original  (proper)  franu'  of  reft'it'uce.  even  as  the  radius  a 
approaches  zero,  because  of  the  1/a^  term  in  (4.22). 

Equations  (4.24a)  and  (4.24b)  critically  confirm  that  the  rigorously  derived  binding  forces 
for  charge  on  a  relativistically  rigid  insulator  moving  with  arbitrary  center  velocity,  like 
the  original  Poincare  binding  forces  (4.2),  remove  the  discrepancy  (2.6)  between  the  i^owi'i 
equation  of  motion  (2.4)  and  the  force  e<iuat ion  of  motion  (2.1 ),  while  having  lu;  elfect  (except 
for  the  addition  of  the  mass  of  the  uncharged  insulator)  on  the  force  equation  of  motion  (2.1 1. 
or  the  4/3  factor  in  the  electromagnetic  mass.  With  tlu'  addition  of  the  binding  stresses  to 
the  self  electromagnetic  stresses,  the  force-power,  but  not  the  momentum-energy,  transforms 
as  a  four- vector;  see  Section  6.1. 


4.2.1  Electric  polarization  producing  the  binding  forces 

One  can  find  a  particular  polarization  at  the  surface  of  the  insulator  that  will  prodin c  tlie 
static  binding  forces  derived  in  the  |)revious  section.  When  the  charge  is  at  rest,  the  eh-ctric 
field  for  the  dipolar  binding  forces  is  given  by  the  first  term  off  1 .  I<s)  wit  bin  t  h(>  shell  of  ( iiarge 
(n  <  r  <  n  -f  <^)  and  zero  everywhere  eis<’.  An  electric  polarization  that  would  |)iddu(  this 
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inloriial  binding  electric  field  is  givc-n  siin|)!y  by  a  radial  polarizat it)n  density,  Pfr],  within 
the  thin  shell  of  charge  i)roport  ional  to  the  binding  eh-ctric  field 


Pfr) 


4jr^a^  ^ 


0 


<i  <  /'  <  a  -f-  I*) 
a  -i  S  <  r  <  a  . 


(4.25) 


I  he  total  elec  tric  fic'ld,  E/  ir  ),  is  the-  .sntn  of  the-  electric  field  erf  th*'  frc'i'-charge  and  the 
electric  field  producc'd  by  the  radial  polarization  density.  For  the  charge  at  rest,  it  is  given 
bv 

0  ,  r  <  a  +  b 

+ 


Erfr)  ^ 


In  other  words,  the  polarization  acids  a  bound  vohiiiie  charge  density  (  — V-P)  that  cancels 
the  frc'e-charge  density  within  the  surface  layer  («  <  r  <  a  +  S),  and  a  compensating  bound 
surface  charge  density  (P  ■  F)  at  the*  outer  surface  (r  —  «  +  c^).  The  total  charge  (frcK^-charge 
plus  bound  polarization  charge’)  rc-diicc's  to  that  of  Lorentz’s  original  frec*-charge  shell  model 
of  the  electron  a.s  the'  thickness  ^  erf  thc'  shell  airproachc’s  z.ero. 

,\>  the  thickness  6  of  the-  shell  approachc's  zero,  the  electrostatic  c-nc'rgy  of  formation  of 
the  frec-charge  and  irolarizatioti  distribution  is  tfic-  same'  as  the  frc'c'-charge  alone:  thereby 
confirming  that  the  rest  energy  and  mass  cont ribiilc’d  by  the  short-range  dipolar  binding 
force:'  can  be  assumc’d  zero,  hui'  the  she'll  at  rc'st ,  ihc-rc'  is  no  net  force  c'xc'fted  on  the'  frec'- 
charge  by  the  polarization.  (W’heii  the  charge'  is  moving,  the  results  of  Sectiotis  4.1  and  4.2 
show  that  the  jeolarizat ion  bineling  force's  supply  a  net  force  and  power  to  the  frc'e-charge 
given  it;  (4.24).) 

One  can  also  eletermiru'  an  eflc'cti'.c'  mole'cular  pedai izability  required  to  produce  the  pet- 
larizatiem  that  holds  the  tree'-charge-  oti  the  stationary  insulator.  For  a  linc'ar,  homogeneous, 
i'-otropic  dic'lectric  insulator,  the  polarization  dc'iisity  is  jiroportional  to  the'  local  field 


P  -  o,. 


(1  <  r  <  a 


b 


(4.27) 


wtierc  the  fjroportiejnality  <i)ii>!ant  o,.  is  tfic'  moleciilar  ))e.>)ai  izabilit  v  jn-r  unit  volume  [11, 
cli.  2i.  1  his  la.it  e'e|uation  sh'c.vs  that  the'  effectixc'  molecular  polarizability  at  the  surface' 

eef  the'  insulator  must  lie'  e’lpiai  to  4.0  in  euele'r  feir  the'  fre'e'-charge'  distribution  to  e’xeite  the' 
rc(]uir''d  jiolarization  densit  w 

III  biie  f.  the'  fre.'e'-eharge'  uuifeninly  elistribute'd  in  a  thin  laye'r  at  the  surfaee'  of  the  insula¬ 
tor  induce's  an  effectiw'  elie'h'i  1 1  ie-  jenlarizabdily  of  4.0  within  this  laye'r  and  a  [lolarized  fie'ld 
that  cancels  the  sell  repulsice'  fore  cs  that  the'  fie-c  <  harge'  exe'rts  eni  itse'lf.  Opposite  force's 
are',  e;f  e  enirse,  e'xe'rte'el  eui  the'  peelarize'd  me)le'e  ule"'  eef  the'  eliele'ct  rie-  insulator.  I  hese  insulate)r 
mejlccuh's  do  nert  fly  apart  lie'e  ,i,ise'  the-y  are*  he'lel  teigv't.he'r  in  the'  stable'  e'lie'rgv  ce.uifigura- 
tiuns  de'scribe'el  by  iione  lassie  al  pliv'^ie  s  (e|uanin!!i  e'le'ct reHiynamics  r.ethe'r  than  thc  classical 
ele'clre)dynamics  e'uijeleAe'd  he’r<-). 

Be'lore'  h'aviiig  this  e'hapt e'r  eju  i  he'  inie'rnal  feineling  fence's,  h  t  us  summ.irize’  wit  h  hinelsight 
the’  oriLUii  and  elimination  eel  i  he-  eiis(  iej,;.ncy  in  powe’r  (2.())  betwe’en  the  l.eirentz- .Abraham 
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force  and  power  equations  of  motion.  When  thecliarged  sphere  is  stationary,  each  element  of 
the  charge  experiences  a  repulsive  force  due  to  its  own  eh'ctric  field,  1  liis  ('lertrustat ir  fcuK' 
integrated  over  the  charge  contributes  nothing  to  the  total  force  on  th-'  diarge.  \\  lien  the 
charged  sphere  moves,  this  static  self  force  transforms  relat ivist icallv.  hut  still  integrates  to 
give  a  zero  total  force.  However,  the  moving  charged  sphere  contracts  itdativisticallv  ;n  tfie 
direction  of  the  velocity  by  an  amount  proportional  to  I/7,  while'  the  compoiK'ut  of  the  static 
self  force  per  unit  charge  parallel  to  the  velocity  remains  unchanged,  rims,  the  component 
of  the  static  self  force  parallel  to  the  velocity  do«'s  work  at  a  rate  jrrojeort  ional  to  the  time 
rate  of  change  of  I/7,  as  exhibited  by  the  negative  of  the  powe-r  in  (2.(i). 

In  addition  to  the  self  electrostatic  force  on  the  slatiotiar\  charge  distribution,  each 
('h’lnent  of  <  liarge  is  held  to  the  insulator  by  a  binding  force  that  just  canc('ls  the  elect  lostat k 
force.  When  the  charged  splu're  moves,  this  binding  foi<<‘  exerted  on  the  ch.uge  contributes 
exactly  the  negative  of  the  power  delivered  to  the  charge  by  the  electrostatic  force,  thereby 
canceling  the  discrepancy  in  power  (2.6)  between  the  h)rc<-  and  power  equations  of  motion. 

A  subtle  cjuestion  arises  concerning  the  mass  of  the  instdator.  Even  if  the  rest  mass  of 
the  insulator  is  nc'gligible,  the  insulator  exerts  a  I^inding  force*  on  the  charge'  (list  ril)ut  ion  that 
does  work  on  the  moving  eharge'  at  the  rate-  given  by  (2.(i)  or  (1.10).  1  he  lu'gative  of  this 

binding  force  is  exerted  on  the  insidalor  In  the  charge,  (’onseepie'ntly.  work  is  done'  on  the 
moving  insulator  at  the  rate  give'ii  by  the  ne-gative-  of  (2.6).  riins.  eeiie  might  ask  if  the  mass 
of  the  moving  insulator  is  chang('d  by  this  work  done  uieon  it  by  th('  Idnding  foKcs.  Has  the 
problem  of  the  excess  power  term  (2.6)  simply  Imen  transh'ired  from  the  charge  distributiem 
to  the  uncharged  insulator? 

To  some  extent,  it  has,  but  it  is  a  problem  that  can  be  allayt'd  by  looking  at  a  s[)ecific 
model  of  the  insulator  material.  In  particular,  if  it  is  assunu'd  that  the  insulator  material  is 
composed  of  point  particles  separated  in  free  space,  the  forcr's  on  .acli  of  the  point  [)articles 
in  the  stationary  insulator  must  sum  to  zero.  Moreover,  the  total  work  done  by  tlu'sc*  forct's. 
when  the  insulator  moves,  is  zero  because  tin;  ecpial  and  o[)posite  forces  on  each  of  the  [ujirit 
particles  are  separated  by  the  infinitesimal  diameter  of  each  jiartich'.  and  thus  contract 
relativistically  by  an  infinitesimal  amount,  'fhe  total  work  (huie  by  the  forces  throughout 
the  insulator  material  is  zero.  In  other  words,  (he  work  done  by  the  binding  forces  on  the 
surface  of  the  insulator  are  canceled  by  the  internal  stresses  of  llu'  j)oint-part icle  model  of 
the  insulator  material,  and  thus  does  not  afh'ct  the  mass  of  the  insulator. 
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Chapter  5 


ELECTROMAGNETIC, 
ELECTROSTATIC,  BARE, 
MEASURED,  AND  INSULATOR 
MASSES 


As  a  nu'riiis  of  clisrussin^  ilic  various  inassos.  loi  us  siiiiiiuarizc'  tho  hasii'  results  that  have 
Keen  derivod  so  far  in  our  re-examiuatioii  of  the  lx)r<*ii1/.  model  of  the  (dectron.  We  begin 
with  a  speeitic  model  that  wo  (an,  in  priiiei[)le.  realize'  iii  our  classical  laboratory,  namely, 
a  charge  <  uinformly  distribu'ed  on  the  surface  of  an  insulator  which  remains  spherical 
with  constant  radius  jn  its  proper  inertial  frame  of  refc'rence.  Wh<'ther  or  not  the  model 
actiiallv  apjrroximatos  the'  internal  st  met  ure  of  t  he  clot  iron  is  irrelevant  to  its  analysis,  which 
is  liased  on  .Maxwell's  etputtions  with  reiardcl  (causal)  solutions  only,  the  hort'til.z  force  law. 
the  rolativisti(  geiu'ralizat ion  erf  Newton's  second  law  of  motion,  the  Ihtistein  mass-energy 
relation,  and  the  short-range  niolectdar  dipole  forces  binding  the  (diarge  to  ihe  insulator 
siirfat  e. 

When  an  externai  foro'  is  ajiplied  to  tlu'  shell  of  chargr*.  for  examph'.  b\'  means  of  an 
external  elei  trie  tield.  the  c  harge  distribution  moves  with  v(>locity  u(r./).  Ihccejit  wdien  the 
insulator  has  zero  velocity,  tin  veloc  ity  of  the  (  harge  at  different  jiositions  r  on  the  surface' 
ot  the  insulator  caniu^t  have  the  same  vc'locity  u  c-  u(/)  as  the  cc'iitc'r  erf  the  insulatcrr  il 
tlie  insulator  remain'  splu'iicai  in  it-,  propc'r  frame'.  (  Ihe  re'lat ionship  lie'twe'e'ti  u(r,/)  and 
iheci'iiter  ve'loeity  u(/l  is  givi'u  in  ee|nation  tA.!a)  lor  (n/c)‘  sg;  !.  and  ecpiatiern  (H..‘51)  loi 
ariritrary  e/c.  | 

1  hf'  lerrc'c  on  <’ach  eliffe'ir  nt  iai  elcineni  e.if  t  he  mov  ing  charge'  is  the  sum  of  the  externallv 
a|iplie‘el  tore  e  per  unit  iliarre'  the’  uil<mal  e'h'e  t  reemagnet  ic  fore  ('  per  unit  charge 

M  generated  by  the'  chaigc'  itselt.  and  the  molee  nlar  iiinding  knees  pe-r  unit  charge' 
f.  i  r.  /  I  holding  the  e  harge'  tec  t  he  in'-ulateir.  that  Is 

if,,.(r./;  i- f,  dr,  n  e  fi-tr,  / )]  e/r  .  (b.lat 

Simihiilv.  the  v'ork  done'  pi-r  i.'iit  Time'  iiy  the'-e  tore  e's  on  the'  e'le'me'iit  of  e  liarge’  dt  moving 


with  velocity  u(r,<)  is 


[f^^((r,0  +  f,,(r,  0 -f  ffc(r./)]  •  u(r,0(/(  ■  i 


The  internal  self  electromagnetic  force  is  determined  by  the  Lorentz  force  law  in  terms  uf 
the  self  electric  and  magnetic  fields  exci(e<l  by  the  moving  eliarge.  I  Ik'  self  elet  t  rtmiagnelic 
fields  in  the  charge  distribution  derive  from  Maxwell's  ecinations  with  retarded  ((au^al) 
potentials  to  give  the  self  electromagnetic  force  per  unit  charge  in  (1.1  1)  in  the  jjroper  fraiiK*. 
The  binding  force  per  unit  charge  was  derived  in  Section  1.2  1)\  applying  Newton's  >ecoiKi 
law  of  motion  to  each  differential  elenu'nt  of  charge  un<l<'r  tin-  ie(|uireinents  that  the  charge 
remains  uniformly  distributed  on  the  relativistically  rigid  spherical  insulator  in  its  proper 
frame  of  reference  (instantaneous  rest  frame)  and  that  the  mass  of  the  charge  distribution  is 
uniformly  distributed  with  the  charge  in  its  proper  frame.  The  binding  force  p<T  unit  charge 
exerted  on  the  charge  in  the  proper  frame  by  the  short-range  dipole  forces  holding  the  charg(' 
to  the  insulator  is  given  in  (4.22).  It  is  crn|)hasized  that  this  binding  forc('  is  not  spi'ciilated 
but  deduced  from  the  specific  model  of  the  charge  residing  on  tlu'  surface  of  a  nonrotating 
insulator  that  maintains  its  spherical  shape  and  uniform  charge  distribution  in  its  proi)er 
frame. 

The  total  force  F(i)  exerted  on  the  charge  and  the  total  |)ower  /'(/)  deliveri'd  to  the 
charge  are  found  by  integrating  (5.1a)  and  (5.1b)  respect iv<>ly.  ov(t  the  charge  distribution 


F(0  =  IUxt{r,t)de-\-  /fe/-(rj)dt+  /ftfr.O* 

Jchargt  Jchargc  JcknTOf 


Bv  definition 


P{t)  =  ■  u(r,  t)de  +  [ ■  u{r,t)d(  +  /f6(r.  0  •  u(T.t)df:. 

J charge  J charge  J-hnrgt 

lition 

/ UArJ)dt  =  . 

J iharge 


(5.2b) 

(5.3a) 


Also,  because  the  radius  a  is  assumed  small  enough  that  the  externally  applied  forex'  varies 
negligibly  with  the  position  over  the  charge  distribution  (six'  (  1.13)).  the  integral  involving 
the  external  force  in  (5.2b)  becomes 


/ f«((r,  0  •  u(r,  t)de  =  u(t)  ■  [f,^t(r,t)df  +  ()(<P)  =  V., 

Jeharge  Jeharne 


u(t]  +  0{,r).  (.' 


The  expression  (B.31)  in  Appendix  B  for  u(r, /)  in  terms  of  the  velocity  u(/)  of  the  center 
of  the  shell  has  been  used  to  perform  the  integration  in  (5.3b). 

The  integrals  of  the  self  electromagnetic  Lorentz  force  and  jiower  in  (5.2a)  and  (•5.2b). 
shown  explicitly  in  (3.1)  and  (3.2)  and  evaluated  rigorously  iti  .Appi'iidix  B  for  tlu'  arbitrarily 
moving  shell  of  charge,  are  just  the  negative  of  th<‘  right  hand  sidi  s  of  the  Lorentz-.Muaham 
force  equation  of  motion  (2.1)  and  the  Lorentz- Abraham  poun  equation  of  motion  (2.1). 
respectively.  That  is 


and 


I Ut(rJ}<lt  =  - — i  I »  + 

Jcharge  f»7r(yaH  (it.  (iTKQr*  [  (■■^ 


+  - 


;{-.2 

;u  ii)  +  — ^-(u  •  u)"* 


u+  >  +  0((i) 


I 


ifirj)  ■  u{r, t)(U  =  (7  -  j- 

ch;r-jf  OTTton  flt  \  4”) 


+ 


GrTfor* 


37  ^ 

(uu)+  — (uu) 


+  0[a) 


(5.4  a) 


(5.4b) 


where,  as  throughout,  u  and  its  derivatives  on  the  right  sides  of  (5.4)  refer  to  the  velocity 
u(t)  of  the  center  of  the  shell. 

I  he  integrals  of  the  binding  force  and  power  in  (5.2a)  and  (5.2b)  were  evaluated  in 
Section  4.2  and  are  given  explicitly  in  (4.24a)  and  (4.24b),  respectively.  The  total  binding 
force  (4.24a)  is  zero  for  a  massless  insulator,  fuit  the  i)ower  deliv(*red  by  the  binding  force 
(4.241))  to  the  charge  jvist  cancels  the  electromagnetic  power  term  in  the  right  side  of  (5.4b) 
that  creates  the  discrei)aricy  (2.0)  between  the  right  side  of  (5.4b)  and  u  dotted  into  the 
right  side  of  (5.4a).  Thus,  as  a  result  of  adding  (5. .3),  (5.4)  and  (4.24),  the  total  force  (5.2a) 
and  j)ower  (5.2b)  become 


F(/)  =  F,,,(M 


Orojoc' 


+  III, 


;S<^“’  +  6„oe 


u  +  — 7-(u  ■  u)u 
c^ 


and 


c* 


3'  ^ 

:u  •  u)  f  ^(u  •  ii) 


u|  +  0(a) 


P(t)  =  F(/)  ■  u(t)  =  F„,(0  •  u(0  -  (  ^  ^ 


I 


TT  ( 


37' 


(u  •  ii)  +  — (u  •  u)‘ 


+  0(a)  . 


(5.5a) 


(5..5b) 


Because  the  binding  force  has  remov(‘d  the  discrepancy  between  (5.5a)  an<l  (5.5b),  these  two 
equations  can  also  be  written  concisely  in  the  four- vector  notation  given  in  (2.7).  .Also,  all 
the  inforiiitit ion  in  both  (5.5.ij  and  (5.5b)  is  contained  in  (5.5a)  alone. 


5.1  Bare  Mass  in  Terms  of  Electromagnetic  and  Elec¬ 
trostatic  Masses 


In  (•■).  )a)  we  hav(’  derived  the  total  force  F(7).  internal  plus  external,  experienced  bv  tlie 
charge  moving  with  arbitrary  center  velocity  u(().  What  should  this  total  force  equal? 


One’s  first  thought  might  be  that  the  total  force  on  tlie  charge  sliouid  e(|ual  tiie  tirr.e  rate  of 
change  of  momentum,  me,d(7u)/df ,  where  iUe»  is  the  rest  mass  of  the  charge  (apart  from  the 
insulator);  or  that  the  total  force  should  be  zero  so  that  tlie  externally  applied  force  ecpials 
the  time  rate  of  change  of  the  electromagnetic  momentum  when  tn,ns  zero.  But  thi.-  would 
be  incorrect  if  one  accepts  the  relativistic  generalization  of  Newton's  second  law  of  motion 
[19], [6,  sec.  29]  that  says  the  total  fxtfvnal  force  applied  to  a  particle  should  equal  (apart 
from  the  radiation  reaction  and  forc<'s  of  order  a  of  a  charged  j)articlei  the  time  derivative 
of  momentum  of  the  particle,  i.e. 

Fer((0  =  +  (radiation  reaction)  r  0{a)  (5.Ga) 

at 

or  in  four- vector  form 


-f  (radiation  reaction) 


where  m  is  the  measured  rest  mass  of  the  partich'  (charge  plus  insulator). 

Accepting  the  rest  mass  term  in  ('(.G)  iis  an  experimentally  \erifi('d  relation  (possible 
extra  terms  are  discussed  in  the  nt'xt  subsection  5.1.1),  one  s<'cs  that  (5.5)  is  compatible 
with  (5.6)  if  the  total  force  in  (5.5)  equals  the  time  rate  of  change  of  momentum 


or  in  four-vector  form 


F(0  =  A/o^(7u)-hO(a) 


/-’■  =  -f  Of./) 

as 


(5.7b) 


with  the  “bare”  mass  A/q  related  to  the  electromagnetic  rest  mass  (2.2)  and  the  measured 
rest  mass  by 

A/o  =  ril  -  TUff  -  7n,n,  .  (5.8) 

Furthermore,  the  measured  rest  mass  ni  of  the  charge  shell  can  be  predicted  theort't  ically. 
.A.ssume  the  charge  is  initially  distributed  uniformly  on  a  spheri(a)  surface  of  infmitf'  radius 
where  it  has  zero  mass.  The  work  rrapiired  to  assemble  this  (  harge  c]uasi-staticall\'  from 
infinity  to  the  surface  of  the  insulator  of  radius  a  is  d«'termined  from  a  simple  <’lect  rost at ic 
calculation  [12,  sec.  2.7]  as 

By  the  h/instein  mass  energy  relation,  the  rest  mass  of  the  iharged  insulator  will  then  be 
this  electrostatic  energy  of  formation  divided  by  or  what  is  called  the  electrostatic  mass 
in  (2.3),  plus  the  mass  of  the  uncharged  insulator  (If  gravitational  fields  [17,18]  or  the 
short-range  dipolar  forces  binding  tlu'  charge  to  the  insulator  contribute  nonnegligibly  to 
the  rest  energy  of  formation,  this  mass  can  be  included  in  nc,„,.)  Thus,  the  measured  rest 
mass  of  the  charged  insulator  ecpials  the*  sum  c>f  tlu’  cdc'ctrostat  ic  m.i-s  and  the  mass  of  the 
insulator 

m  =  III,,  +  III,,,,  (5.9) 


and  the  bare  mass  in  (5.8)  can  be  written  simply  as 


A/o  =  J'lfa  --  "Iff 


(5.10) 


or  from  (2.2)  and  (2.3) 


A/o 


247r(o«c^ 


(5.11) 


Empliatically,  the  value  of  the  bar<'  mass  does  not.  d('p<'iid  on  the  mass  7U,„,  of  the  insulator. 

The  final  form  of  the  ('(juation  of  motion  (5.0)  or.  e<iiiivalently,  (5.5)  and  (5.7),  can  now 
be  written  for  the  charged  insulator  as 


Fe.,(0  = 


H/TfoUC' 


in, 


2  2 
c  y 


f,«„e 


u  +  -^(u  ■  u)u 

C‘‘ 


StTCoU 


+  '".ruf* 


3' 

:u  •  ii)  +  ^(u  ■  ii) 


u  ^  +  0[a) 
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OttcoC’ 
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(u  ■  u)  +  — (u  •  u)"'^ 
C*’ 


+  0(a) 


(5.12a) 

(5.T2b) 


Of  course.  (5.12b)  is  redundant  because  it  is  consistent  with  the  equation  obtained  by  taking 
the  dot  product  of  u  with  (5.r2a).  The  negative  bare  mass  A/q  in  (5.1 1)  (‘liminates  the  l/'l 
factor  in  the  inertial  rest  mass  of  the  original  Lorentz- .Abraham  ('quation  of  motion  (2.1)  in 
which  the  bare  mass  was  assumed  zero.  With  the  addition  of  the  bare-mass  force-power  to 
the  binding  and  eh'ctromagnetic  force-power,  tlu*  total  force-power  and  the  total  momen¬ 
tum-energy  transform  as  four  vectors:  see  Section  ti.l. 

Tlie  mass  of  the  insulator  (m,„J  allows  th<‘  etpiations  of  motion  (5.12)  for  the  charged 
instilator  to  be  writttui  with  an  arbitrary  vabie  of  th<‘  inertial  mass.  I’hns,  (5.12)  conforms 
with  th('  results  of  Schwinger  [2t)].  who  shows  that  stress-moment um-cn('rgy  tensors  with 
covariant  momentum-energy  for  stable  charge-current  distributions  can  be  constructed  with 
or  without  the  4/3  factor.  Setting  equal  to  rn,,/3  and  zero,  respectively,  corresponds 
to  Schwinger's  tensors  wi*h  and  without  the  4/3  factor;  .see  Section  6.2,  (The  mass  m,„, 
can  e\en  be  negative  since,  as  mentioned  above,  it  includes  gravitational  and  binding-force 
forrna.t ifjii  energies  whidi,  in  general,  are  negative.) 


5.1.1  Extra  moment iini-energy  in  Newton’s  second  law  of  mo¬ 
tion  for  charged  particles 

I  he  relativistic  generalizal iiui  of  .Newton's  second  law  of  motion  (5.6)  for  a  charged  parti¬ 
cle  is  not  rleterrnined  uni(inel\'  Irom  lh<'  nonrelal i vist ic  versi(;n  of  Newton's  second  law  h)r 
uncharged  particles,  l-'rom  purely  theoretical  considerations,  any  four  \(  ctor  function  of  ve¬ 
locity  and  its  time  derivat i\cs  that  vanishes  wIk'u  tlu'  charge  is  zc'ro  conid  be  added  to  the 
right  sjilc  of  (5.6).  If.  howr\(  r.  wi-  assume  that  the  only  irreversible  loss  of  momentum 
enerrt'.  of  the  (barged  [rartiilc  is  tlie  radiated  moment  urn-energy  (so  that  wdum  the  initial 


and  final  velocity  and  its  derivatives  are  the  same,  the  only  change  in  moment uni-energy 
will  be  that  which  is  radiated)  then  tliis  extra  foiir-ve<  tor  binction  must  he  (-xinx'ssibie  as 
the  time  derivative  of  a  momentum-energy  function.  In  addition,  since  all  the  functions  in 
(5.6b)  satisfy  the  condition  that  their  scalar  product  with  a,  ('finals  zero  (that  is.  tin  tinu' 
rate  of  change  of  momentum  and  energy  components  of  (5.6b)  are  (ompatible)  tln>  ('xtia 
function  must  also  satisfy  this  condition.  'I'hus,  on  th<H)retical  grounds  (5.6b)  can  In-  further 
generalized  to  [10] 

=  nic^ +  (radiation  reaction)  f  - -f-  0(«)  I  5.13) 

ds 

where  jds  is  a  four-vector  function  of  velocity  and  its  deri\'atives,  that  exists  oidy  for 

charged  particles,  and  satisfies 


(5.1  1) 


Of  course,  is  a  function  of  the  charge  c,  since  it  vanishes  when  the  charge  vanishes 

and  may  be  a  function  of  the  radius  a  of  the  charge  distrilrnt  ion. 

If  we  also  assume  that  the  only  irreversible  loss  in  angular  monu'nturn-energy  id  the 
charged  particle  is  the  radiated  angular  momentum-energy,  siiue  the  shell  of  charge  is  as¬ 
sumed  to  translate  without  rotation,  then  u  x  Gejr(r„  and  its  four-vector  version.  - 

must  be  expressible  as  the  time  derivative  of  an  angular  momentum-energ\  func¬ 
tion  [21],  This  follows  from  taking  the  cross  product  of  tlu-  position  vector  r  of  the  center  of 
the  particle  with  the  three- vector  equation  of  motion  in  (.5.13)  to  get 


r  X  Fert  =  m—  (r  x  yu)  -y  r  x 
dt 


radiat  ion 
ri'action 


T  (r  X  )  ^  Gfj  frn  T  G{0  i 


or  in  four-vector  form 


( 5. 1  oaf 


=  Tnc^  —  {.r'id  ~  x'u')  + 


angular  radiat  ion 


react  ion 


+Y  ~  -  (u'GL 


When  the  initial  and  final  position,  velocity,  and  higher  derivatives  of  the  position  of  the 
center  of  the  particle  are  the  same,  the  only  change  in  angular  momentum  will  be  in  the  radi¬ 
ated  angular  momentum  if  u  x  Ge^(,.„  is  a  iierfect  time  differential  of  an  angular  inoinentum 
function  (Lf^fr^,) 

II  X  F, j.f .-,1  (.).ltia) 


in  four-vector  form 


-  i/T, 


d.s  "  ■ 


(5.161>) 
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There  is  apparently  no  ('X|)(>rimeiital  evidence  iur  tlie  existence  ef  e.n  extra  nionicntnni 
energy  function  in  the  e(juation  of  motion  of  a  cha'ged  particle  at  least  to  order  a,  and,  as 
Dirac  said,  “they  are  all  much  more  complicated  than  [?;/c'(/»'/'i.s],  so  that  one  would  hardly 
expect  them  to  apply  to  a  simple  thing  like  an  electron”  [10,  p.  15  !j.  d'hus  we  will  assume 
is  zino  and  accf'pt  (o.ti)  as  th<'  corn'ct  generalization  of  Newton’s  sc'cond  law  of  motion 
for  the  charged  she'll. 


5.1.2  Reason  for  Lorentz  setting  the  bare  mass  zero 


All  the  tools  of  special  relatic’ity  [l,.5j  were  not  axailaoie  *o  Lorentz  and  Abraliam  when  they 
originally  derived  the  total  force  on  iht'  moving  Lore-ntz  nu/del  of  the  ^ deciroii.  In  particular, 
the  Einstein  mass-energy  u'lationship  [5]  and  tlie  relativistic  version  of  Newton’s  second  law 
of  motion  [19]  had  not  apjx'ared.  However,  (..orentz  did  assume  the  pre-relativistic  form  of 
Newton’s  second  law  of  motion  and  thus  set  the  total  force  erjiial  to  a  constant  bare  mass 
.\f,  which  Lorentz  called  the  '  inaU'rial"  mass,  times  the  acceleration  u  [3.  secs.  28.  32  and 
179]  to  get 

TT  I  radiation  ) 

I'i-ttO  —  ::  7 T 1  "A* )  +  t-  ^  r  + 


b7r(  ouc"  (It 


(H 


reaction 


(For  the  charged  insulator  model.  Lorentz’s  ban'  mass  M  ill  (5.17)  wonM  include  the  mass 
of  tiu*  uncharged  that  i!8.  M  =  .\/o  -! 

d  ht'  kc\'  featun'  of  (o.lT)  i.-  that  I.orentz  assumed  the  constant  b.ua'  ma.ss  M  in  (5.17) 
was  multiplied  by  tlu/dt  rather  than  f/(',u)/d/  (even  though  h«'  and  Abrahatn  had  discoveix'd 
the  factor  in  tin'  time  rate  of  chang<‘  of  the  electromagnetic  momentum  in  (5.17)  before 


netween  1901  and  1905,  Kaufmann  [22]  performc'd  experiments  to  detc'rmine  the  charge  to 
mass  ratio  for  "fast  moving"  eh'ctrons.  Lorentz  and  .\brahaiT;  hoped  that  th('S(' experiments 
would  d('(  ide  Ix'twcx'ii  Loretit/'s  contracting  (relat ivistically  rigid)  model  of  th('  electron  and 
.-\  lira  ham's  noncont  ract  ing  (  nonnlat  ivistically  rigid)  model.  .Although  his  ('xperiments  were 
not  accurate  enough  to  settle  this  (piestion  [23],  Kaufmann's  ('xperiments  showed  clearl}’ 
that  the  firepondi'rance  of  iinnnentum  in  the  electron  varied  as  d{~iu)/(ll  rather  than  du/dt. 
1  hus  Lor<'ntz  accepted  Kaulmann  s  residls  as  expt'iiiiK'nt al  e\'idenc('  that  the  bar<.'  mass  in 
(5.17i  was  iK'gligible.  lo  ipiote  Lorentz  [3.  sec.  32],  “Of  course'  wr  ao'  hx'e  to  believe',  il 
We'  hki  .  that  there'  is  some  ■'Mi.dl  mate-rial  [bare']  mass  attached  to  the  electron,  say  e'qual  to 
one  hundredth  part  ot  the  eiectiomagnel ic  one.  but  with  a  view  to  sim|ihci{_..  it  will  be  best 
to  admit  Kaufmanii’s  conclusion,  or  hyjxaiicsis.  if  we  prefer  sej  to  call  it,  that  the  negative 
electrons  have  no  material  d)are'  iiics.  ,it  all.  I  his  is  ci'rta'nlv  one  ol  the  most  important 

results  ot  modern  ph\  sics .  i  Abi  .diam  also  <  onciuded  from  Kaufmann's  experiments  that 

the  bai'e  mass  ejf  tlie  i  lectis  n  w.is  /.no  [2,  sec,  l(i].) 

■As  late  as  1912,  !s(hott  'oiitmued  to  ‘'.siij)|)()se  M  zero,  in  ae ceirdaiu  <'  with  the'  most  recent 
measurements  iLL  i).17''''].  I.\en  alter  exiieriinent s  liv  Hucherer  [24]  in  I90tt,  .Neumann  [25]  in 
191  1.  .iiid  Bohi'  [2('']  in  1915  decided  m  lavor  ol  l.oientz  s  contracting  model  over  .Abraham's 
notiroiit  ifict  mg  mode!  of  the  e|ecti..)ii.  and  thus  alsej  contirmed  the  predictierti  of  Sjiecial 


relativity,  at  least  for  “electrical  systems,"  the  bare  mass  was  pi'iH'ially  assmiKsi  outside  the 
jm  diction  of  special  relativity  and  these  exi)crim<Mits  were  n'gardi'd  as  (ontirmiiig  that  the 
bare  mass  was  zero.  Richardson  [27,  ch.  11]  summaiizes  tiu'  ('eneral  consensus  in  Ihld: 

"These  experiments  [Riicherer’s]  appear  to  dispose  effect  iially  of  the  rip,id  [.\braham's 
iionrelativi  ically  rigid  or  noricontracting]  (‘lectrou  and  they  may  be  regarded  as  making  it 
reasonably  certain  that  Thomson’s  corpuscles  are  devoid  of  mass  exK'pt  such  as  is  due  tc.) 
the  charge  that  they  carry.  For  this  reason  we  shall  always  refer  to  them  in  the  scrjuel  as 
negative  electrons.  VVe  shall  find  later  that  the  relation  betw^rn  [the  moving  mass]  and  [the 
rest  mass]  characteristic  of  the  Lorentz  contract ilile  electron  is  true  of  all  electiical  systems 
according  to  the  principle  of  relativity,  nucherer’s  experiment  may  therefore  be  regaifled  as 
evidence  in  favor  of  that  principle.  .'\  remarkable  confirmation  of  the  relativity  ('xpK'ssion 
for  the  mass  of  a  moving  particle  has  recently  b('en  ob'aini'd  by  \.  Bohr  from  c  (uisiderat ion 
of  the  decrease  of  velocity  of  cv  and  T  rays  in  passing  through  mattiT." 

Cunningham  [28]  also  gives  a  vr-ry  readable  account  of  the  conclusions  drawn  in  191  1 
from  the  experiments  of  Kaufmann  el  <il. 

By  lO'^O,  it  was  generally  accr.'pted  that  the  principle  of  relativit\'  applied  to  all  mass, 
and  Pauli  w’ould  write,  “The  old  idea  that  one  could  distinguisl.  Ix'twrx'ii  the  constant  'true' 
[bare]  ma:  s  and  the  ‘apparent’  electromagnetic  mass,  by  me;  ns  of  dedhetion  exp<'rim<;nts  on 
cathode  rays,  can  therefore  not  be  maintained”  [h.  sec.  29]. 

'I'hus,  one  cannot  accept  (5.17)  or  continue  to  a,ssume  a  bare  mass  Mq  ecjual  to  zero,  for 
our  specific  model  of  the  electron  as  a  charged  insulator,  without  violating  the  (>(juivaleiic('  of 
mass  and  energy  and  the  relativistic  version  of  Newton's  second  law  of  motion,  which  imi)ly 
the  negative  bare  mass  (5.11)  for  this  model.  Al.so  the  bare  mass,  as  pointed  out  in  .Section 
1.2,  should  not  be  confused  wdth  the  uncharged  mass  of  tiie  insulator.  However,  because 
Forentz’s  bare  mass  corresponds  to  (Mo  +  in  our  analysis  of  the  charged  ins  nator. 

borentz’s  bare  mass  .1/  can  still  be  zero  in  the  special  ca,s<'  when  the  mass  of  the 

insulator  equals  —Mo  or  rncl'.'i.  In  that  special  case  the  total  mass  of  the  chargixl  insulator 
would  be  (4/.3)7Uf,,. 


Chapter  6 


TRANSFORMATION  AND 
REDEFINITION  OF 
FORCE-POWER  AND 
MOMENTUM-ENERGY 


In  chapter  1  it  was  shown  that  the  specific  mode!  of  an  electron  as  a  charged  insulator  de¬ 
mands  molecular  forces,  bindirig  the  charge  to  the  insulator,  that  just  cancel  the  discrepancy 
(2.G)  betw('en  the  Lotetit/-.-\braham  force  and  power  eciuations  of  motion,  (2.1)  and  (2.4). 
In  C'ha[)ter  5  we  saw  that  the  relativistic  generalization  of  Newton’s  second  law  of  motion, 
together  with  the  Eitistoin  inassomergy  equivalence  relation,  require  the  negative  bare  mass 
(o.llj  that  eliminates  the  factor  of  4/.3  multiplying  the  electrostatic  mass  in  the  original 
equation  of  motion  (2.1).  In  this  chapter  we  summarize  the  transformation  properties  of 
the  electromagnetic,  binding,  and  bare-mass  force-powers  and  momentum-energies,  derive  a 
total  stress-momentum-energy  tensor  for  the  charged  insulator  model  of  the  electron,  and 
review  the  redefinitions  of  electromagnetic  momentum-energy  that  have  been  proposed  for 
the  extended  t'h-ct ron. 


6.1  Transformation  of  Electromagnetic,  Binding,  and 
Bare-Mass  Force-Power  and  Momentum-Energy 


In  order  to  summarize  the  transformation  properties  of  the  electromagnetic,  binding,  and 
bare-mass  momentum  and  energy  as  well  as  their  time  derivatives,  force  and  power,  for  the 
charged  insulator  mod<-l  of  the  electron,  it  will  be  helpful  first  to  mak('  a  concise  list  of  thc'se 
(|iiant  It  ies.  The  self  electromagnetic,  t)iiiding,  and  bare-ma.ss  forces  exerted  on  the  charg<'. 
and  the  associated  pmvc'r'^  delivered  to  the  charge  can  be  writt(‘n  from  the  pix'ceding  chapters 


as 
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where  the  electrostatic  mass  is  given  in  (2.3).  Adding  the  externally  applied  force  and 
power  to  the  sum  of  the  electromagnetic,  binding,  and  bare-mass  forces  .  'd  nowers  in 
(6.1), (6. 2), (6. 3),  and  setting  the  total  force  and  power  ecpial  to  zero  give  tl.i  •  , nations 
of  motion  (5.12)  for  the  charged  insulator. 

The  momentum  and  energy  of  the  charged  insulator  system  as  a  whole  can  be  found 
by  integrating  the  expressions  (6.1  ),(6.2),(6.3)  of  force  and  pow(>r  with  respect  to  time  for 
zero  initial  velocity.  For  zero  initial  velocity,  the  initial  electromagnetic  momentum,  fo  /Ex 
BdV,  is  zero,  and  the  binding  and  bare-mass  momenta  are  chosen  zero.  (1  say  "chosen 
zero”  because  the  binding  and  bare-mass  momenta  could  be  given  nonzero  initial  values  as 
long  as  the  sum  of  their  initial  momenta  equaled  zero.)  The  initial  electromagnetic  ('uergy. 
(eo/2)  JiE^  +  c^B^)dV,  equals  the  rest  energy  of  formation  of  the  charge  (m„c^)  and  the 
initial  binding  energy  is  chosen  equal  to  the  rest  energy  of  the  mass  of  the  insulator  (mi,„c^). 
Then,  the  initial  energy  of  the  negative  bare  mass  is  zero  because  the  total  rest  energy  of 
formation  of  the  charged  insulator  is  assumed  equal  to  the  sum  of  the  electrostatic  and 
insulator  rest  energies.  (If  it  is  more  appealing  to  have  the  initial  energy  of  the  bare  mass 
equal  to  — (l/3)me,c^,  one  can  choose  the  initial  binding  energy  equal  to  -f  ( 1 /3)mjjC^. 

Such  a  change  would  add  and  subtract  (l/3)me,c^  in  the  following  exi)ressions  for  and 
IF'o,  respectively.) 

Gef  =  4-  0(  1 )  (6.4a) 


W.f  —  -rrie.c^ 
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From  these  expressions  of  force  power  aiul  moiiienlum-energy.  one  draws  the  following 
conclusions  about  their  transformation  properties.  N«hther  the  electromagnetic  momen¬ 
tum-energy  (cGef,  nor  its  time  derivative,  llie  electromagnetic  force-power  ^(cFe/,  P,,). 
transforms  as  a  four-vector.  Similarly,  neither  the  binding  momentum-energy  (cGt,VF(,)  nor 
the  binding  force-power  7 ( cF*, ./’,!, )  transforms  as  a  four-vector.  Also  (F^r  •  u  —  P^e)  and 
(F(,-u  —  Pb)  are  not  equal  to  zero.  Even  the  sum  of  the  electromagnetic  and  binding  monu'n- 
tum-energy  does  not  translorm  as  a  four-vector.  However,  the  sum  of  the  electromagnetic  and 
binding  force- power  transforms  as  a  four-vector  and  satisfies  (Fef-l-Ffc)-u  — (Pg^-hPi,)  =  0.  The 
bare-mass  force-power  '  (cFu,  7  0)  transforms  as  a  four- vector  satisfying  Fo  ■  u  —  /q  =  0; 
whereas,  the  bare-mass  moment  um energy  (cGo,  H h)  <io<'s  not  transform  as  a  four- vector,  but 
contributes  to  the  electromagnetic  and  biiuling  momentum- energy  to  yield  a  total  momen 
turn-energy  that  is  frc*e  of  th<'  1/.'}  factor  and  transforms  as  a  four  vector.  (If,  as  mentioned 
above,  the  initial  binding  energy  were  choscut  equal  to  T  (1  /3)nic,c^,  so  that  the  initial 

energy  of  the  bare  mass  equaled  — (l/3)mf,c^,  then  both  the  bare-mass  momentum-ener¬ 
gy  and  the  sum  of  the  elcs  tromagnetic  and  binding  momentum-energy  would  transform  as 
four- vectors.) 

It  may  still  be  disconcerting  that  the  total  momentum  and  energy  of  a  charged  massless 
insulator  is  not  given  by  the  conventional  electromagnetic  momentum  and  energy 

=  trx)  I  Ex  Bc/V  (6.7a) 

Jail  space 

H;,  =  ^  /  (E"  +  c'B^)d\/  (G.7b) 

«  -'all  spacf 

or  that  the  total  momentum  of  a  charged  massless  insulator  is  not  given  by  the  conventional 
electromagnetic  momentum  alone,  <‘ven  when  the  velocity  of  the  charge  is  much  less  than 
the  speed  of  light,  but  contains  also  the  momentum  of  a  negative  ban'  mass.  However, 
one  can  take  consolation  in  realizing  that  no  law  of  jjhysics  is  violated  by  the  conventional 
electromagnetic  momentum  not  e(|uahng  the  total  momentum  of  tiie  charge.  What  we  know 
from  Einstein's  mass-energy  relation  and  the  relativistic  version  of  Newton's  second  law  of 
motion  is  that  the  total  momentum  equals  (in  addition  to  the  radiation  momentum)  the 
electrostatic  mass  energy  of  formation  divided  by  c^)  times  the  velocity  (qu). 

However,  what  we  know  from  Maxwell's  equations  and  the  Lorentz  force  law  is  merely  that 
the  sum  of  the  external  and  self  electromagnetic  forces  on  the  charge  is  Ee^(-^eo/ExBf/l'. 
Only  if  this  force  on  the  charge  equals  zero,  can  the  total  momentum  of  the  particle  be 
given  entirely  by  the  conventional  electromagnetic  momentum.  Since  [Ex  BJV'  equals 
(  \  i‘i)tii(,(l{-iu)l(ll  (plus  radiation  terms)  rather  than  fdt.  the  Einstein  mass-energy 

relation  and  Newton's  secoiid  law  fijr  relativistic  motion  demand  that  this  f(;rce  not  be  zero 
but  equal  I  -  l/.'l)7/i,,f/(7U)/d/.  and  ( onse(|uently,  that  the  total  momentum  of  the  moving 
charge  not  be  ef|ual  to  its  <  oina'iit  it)nal  electromagnetic  mo'nentum  alone. 

From  the  standpoint  of  the  electromagnetic'  stress-momentum-energy  tt'iisor.  it  is  not 
surp'ri'ing  that  the  eoiuc'ni  ional  eln  i romagiK’t >c  moiiH'ntum-em.'rgy  does  ni.)t  reitresent  tin' 
total  momet;tuin-eneigy  (d  the  moxing  cfiarge  (list i ibution.  Because'  the  elert.romagnetic 


stress-momentum-energy  tensor  is  not  divergenceless  when  rhaige-cnrrent  is  present,  tlie 
associated  momentum-energy  will  not,  in  general,  be  a  four- vector.  Thus  the  electromagnetic 
momentum-energy  could  not,  in  general,  be  expected  to  rejrresent  the  total  momentum-en¬ 
ergy  of  the  system. 


6.1.1  Total  stress-momentum-energy  tensor  for  the  charged  in¬ 
sulator 


The  four- divergence  of  the  electromagnetic  stross-momi-ntum-energy  tensor  7^'/(r./)  equals 
the  force-power  density  [11],  that  is 
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where 
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and  can  be  written  out  as 
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(6.8) 

(6.9) 

(6.10) 

(6.11a) 

(6.11b) 

(6.11c) 


One  can  also  construct  stress-momentum-energy  tensors  with  divergences  equal  to  the 
binding  and  bare-mass  force-power  densities,  that  is 


dxJ 
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(6.12) 
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(6.13) 


(As  usual,  when  u  =  u(t)  appears  without  the  functional  dependence  (r.t),  it  refers  to  the 
velocity  of  the  center  of  the  charged  .shell.)  Adding  the  binding  and  bare-mass  tensors  to  the 
electromagnetic  tensor  would  then  produce  a  total  slress-momentum-energy  tensor  whose 
momentum-energy  density  would  form  a  four-vector  when  integrated  over  all  space.  Taking 
the  time  rate  of  '•hange  of  this  four-vector  momentum-energy  produces  a  four-\cctor  force- 
power  that,  when  set  equal  to  the  externally  applied  force,  rc'snlts  in  the  force  and  power 
equations  of  motion  (5.12).  If  no  external  force  is  applied  to  the  charged  insulator,  so  that 


its  velocity  is  constant,  the  total  stress-rnornenturn  energy  tensor  is  divcrgenceless  and  the 
associated  four- vector  motnentum-<‘nergy  is  conserved. 

First,  let  us  construct  the  bare-mass  tensor  'J'q\  from  its  following  thrw- vector  equations 
corresponding  to  (6.13) 


^go  ^  d{-,Ai) 

dt  (it 


(6.Ma) 


1  Owo 


24n<f,(ic^  (It 


A  fairly  obc  ious  solution  to  (6.14)  is 


(6.14b) 


or  in  four-vector  notation 
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(6.16) 

Rohrlich  [29,  sec.  G-lj  incluch.-s  the  bare-mass  tensor  (6.16)  as  part  of  the  “cohesion’'  or 
binding  stress-momentum-energy  tensor.  However,  for  the  charged  insulator  model,  it  sc'ems 
preferable  to  separate  the  bare-mass  tensor  from  the  binding  tensor,  because  we  found  in 
Chapters  4  and  5  that  the  binding  forces  do  not  make  the  inertial  mass  compatible  with  the 
rest  energy  of  formation. 

It  is  easily  shown  that  the  solution  (6.1.5)  satisfies  (6.14),  or  that  (6.16)  satisfies  (6.13); 
spccitically  we  have 

-VTo=-- — -—',(V-pu)u  (6.17a) 
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(6.1  7b) 
(6.17ci 
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which  |)rodnce  identities  when  inserted  into  th<‘  left  sides  of  (6.14a)  and  (6.1  lb). 


The  binding  stress-inomentuni-energy  tensor  must  satisfy  the  following  tluce-vcTtoi  equa¬ 
tions  corresponding  to  (6.12) 
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The  charge  density  in  the  first  terms  on  the  right  sides  of  (6.18)  has  been  exj^ressed  as  a 
function  of  the  static  charge  density,  that  is 


p{rj)  =  ~ipo(ro)  =  iHra  ~  «) 


\lTtd 


(6.19) 


where  Tq  is  given  in  terms  of  r  at  the  time  /  by  the  Lon-ntz  transformat i 


ion 


To  =  (r  -  rc)x  +  7(r  -  r,-)|i  (6.20a) 

and  the  position  Tc  of  the  center  of  the  charged  shell  can  Ix'  written  in  terms  of  the  velocity 
of  the  center  as 

Tc  =  y  u{t')dt'  .  {6.20b) 

(The  subscripts  J.  and  |1  mean  perpendicular  and  parallel,  respectively,  to  the  center  velocity 
u(<)  at  the  time  t\  and  <5(i)  is  the  Dirac  delta  function.)  The  binding  force  per  unit  charge  in 

(6.18)  is  equal  to  the  exact  binding  force  per  unit  charge  in  (4.22)  with  the  first  term  on  the 
right  side  of  (4.22)  averaged  over  the  thickness  of  the  shell  and  generalized  to  an  arbitrary 
inertial  reference  frame.  The  second  term  on  the  right  side  of  (4.22),  which  is  present  when 
the  velocity  of  the  charge  is  not  constant,  is  not  included  in  (6.18).  .Mso,  tin'  expressions 

(6.19)  and  (6.20a)  neglect  terms  of  second  order  and  higher  in  (r  —  r-)  when  the  velocity  of 
the  charge  is  not  constant  (see  (B.29)).  These  .secondttry  iunding  forces  are  necessary  tt)  hold 
the  accelerating  charge  to  the  insulator,  but  they  are  inconseqiK'iitial  to  the  integrated  force 
and  power  because  the  results  of  Chapter  4  (specifically,  equations  (4.24))  show  that  their 
integrals  over  the  charge  distribution  are  of  0(a).  (In  principle.  could  be  modified  to 
include  the  secondary  binding  stresses,  but  in  practice  it  may  be  rather  tedious  to  construct 
the  necessary,  relativistically  invariant  modification.) 

A  particularly  simple  solution  to  (6.18)  is 
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or  in  four-vector  notation 
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where  g'^  is  the  metric  tensor 
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and  h  is  the  unit  step  function. 

The  preceding  solution  for  I'V  <^'an  be  used  to  prove  inunediately  that  the  part  of 
the  solution  in  (6.21)  satisfies  (6.18).  To  see  that  the  remaining  part  of  the  solution  in  (6.21 ) 
satisfies  (6.18),  evaluate  V  ■  T),  and  dwh/dl  for  that  part  to  get 
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or  since  from  (6.20) 
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Inserting  (6.24a)  and  (6.24b)  into  (6.18)  shows  that  the  l)in(ling  strcss-inoiiientuin  energy 
tensor  in  (6.21)  indeed  satisfies  its  defining  equations  (6. IS),  or  equivalently,  that  (6.22) 
satisfies  (6.12). 

Equations  (B.31)  and  (A. 21)  have  been  used  to  prove  in  (6.2  lb)  that  (to  order  r* ) 
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u  ■  To  d  /  1  \ 

2  <11 U/ 
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(6.25) 


Thus,  the  time  derivative  of  tt’f,  in  (6.21b)  equals  — pff,  •  U||(r.O  rather  than  — ph,  •  u(r./). 
However,  the  difference  is  inconsequential  with  respect  to  the  integral  over  all  spa<e  of  the 
power  density,  because 

/  pffc  ■  Ux(r,<)dV' =  1)  (6.26) 
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exactly  the  right  value  to  cancel  the  discrepancy  (2.6)  bi'twci'ii  the  electromagnetic  force 
and  power.  Note  that  if  we  had  assumed  u  were  constant  in  our  derivation  of  the  binding 
force  tensor,  U||(r,  ^)  would  equal  u,  and  the  total  power  obtained  by  integrating  the  power 
density  would  erroneously  equal  zero,  that  is 
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ail  space 


(6.2S) 


as  explained  previously  in  Chapters  3  and  4.  (From  (6.24)  through  (6.30)  below,  the  terms 
involving  the  mass  of  the  insulator  are  ignored  since  they  are  irrelevant  to  this  discussion.) 

One  can  also  obtain  the  result  (6.27)  by  integrating  the  energy  density  Wb  of  the  binding 
tensor  over  all  space  to  get 

f  .  1 

Wb  =  /  WbdV  =  — - -  (6.29) 
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and  taking  the  negative  of  the  time  derivative.  Note  that  IV),  in  (6.29)  differs  by  a  constant 
(f^/247reoa)  from  its  value  in  (4.9)  or  (6.51))  (w'ith  =  0).  I  his  is  because  U  y  calculated 
from 

B'o  =  /  f(’()dV  =  - - '/  (().30) 

Jail  space  ZA7t(i)CL 

differs  from  Wo  in  (6.6b)  by  the  negative  of  the  same  constant  so  that  the 

sum,  W’i,  +  Wo,  remains  the  same  wlu'ther  it  is  caiculat<'d  l)y  adding  (6.29)  and  (6.30)  or 
(6.5b)  and  (6.6b).  As  mentioned  in  .Section  6.1,  an  arbitrary  constant  energy  can  l>i-  added 
and  subtracted  from  the  binding  and  bare-mass  energies,  UV,  and  Ho.  resju'ctivelw  with¬ 
out  changing  the  total  energy  of  formation  or  tlu*  final  equations  of  motion  of  the  (  hargi'd 
insulator. 


II 


In  suinmar}'.  a  total  st rcss  iiKniK-nt nin-ciu'igy  It'tisor  /  '•'  has  tan'ii  dcrivt'd  for  tho  chargod 
insulator  rnod<'l  of  lln-  elec  tion.  It  can  lx*  wrifl<*n  as  the  sum  of  the  c'lec  trornagnetic.  bind¬ 
ing-force,  and  bare-mass  si  ress-moinentum-<*nergy  tensors 

7'‘^’(r,0  =  T^f  +  — - ~h(a  -  ro)g'^  +  -b  Mo)S(r^,  -  a)^^'u^  (6.31) 

•  5j7r*(o«'  ITTO/ 

with  the  bare  mass  Mq  equal,  of  course,  to  =  —e~j{24iTtouc^).  In  (6,31)  the  right 

side  of  (6.19)  has  replaced  /c  in  (6.16)  and  (6.22),  and  Tq  is  given  in  terms  of  (r, /)  by  the 
general  Lorentz  transformation  (6.20).  The  four-divergence  of  T'^  produces  the  time  rate 
of  change  of  the  total  momentum-energy  density,  for  the  charge  distribution  bound  to  the 
insulator,  throughout  all  space  and  time;  specifically 
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with  p(r.f)  given  in  1^6. 19). 

The  integral  over  all  space  of  /().r'  produces  the  sum  of  the  (*lectromagnetic,  bind¬ 

ing,  and  bare- mass  force-powers  given  previously  in  equations  (6.1)  through  (6.3)  as  well  as 
the  radiation  reaction  and  higher  order  electromagnetic  force-power  terms.  In  other  words. 
OT'^  jds-  integrated  over  all  space  yields  a  four-vector  force-power  and  the  consistent  equa¬ 
tions  of  motion  (■').12)  for  the  c  hargc'd  insulator  when  this  integral  is  .set  ecpial  to  the  externally 
applic*d  force.  .Ahso.  the  intc>gral  of  ?''■*  over  all  space  produces  the  four-vector  sum  of  the 
electromagnetic,  tiinding-force.  and  bare-mass  momentum-energies  given  in  the  equations 
(6.4)  through  (6.6),  plus  the*  four-vc'ctor  electromagnetic  radiation-reaction  momentum-en¬ 
ergy.  If  the  vc'locity  of  the*  charge  distribution  is  constant  the  right  side  of  (6.32)  is  zero, 
or  equivalently,  the  divergence  of  7"  is  zc*ro,  and  it  thereby  yields  a  conserved  four-vector 
moment  um-energy. 

When  the*  veloc  ity  u  is  a  constant  t he  stress-mennentum-energy  tc*n,sor  7  '-'  given  in  (6.31), 
togethc'r  with  ((>.20),  is  basi(all\’  the*  same  as  Schwinger's  “first  stress  ten.sor"  [20,  eep  (42)]. 
fhe  difrc*renc('  is  due  to  Schwinger's  tensor  having  its  bare-mass  portion  distributed  through¬ 
out  the  oblate  spheroid,  whereas  wc*  have*  assum(*d  the  bare*  mass  and  mass  of  the  insulator 
are  dist ributc’d  with  the  thin  shell  of  charge*.  Of  cour.se.  the  stress  tensors  of  Schwinger  are 
not  dc'rivcd  from  the*  detailed  analysis  of  the*  <hargc*d  insulator  model  of  the  t*lc*ctron,  but  are 
construc  ted  by  subtracting  a  charge-c  urr(*nt  stress  t(*n.sor,  for  a  charge*  in  uniform  motion, 
from  the  electromagnetic  st r('ss-momc*ntum-enc*rgy  t(*nsor.  so  that  the  divergence  of  the  re¬ 
sulting  tc'nsor  is  zero.  (4'he  stres-  teiiscjis  of  Schwing(*r  are  discusseef  further  m  the  following 
section,  i 


6.2  Redefinition  of  Electromagnetic  Momentum  and 
Energy 

A  number  of  autliois,  beginning  apparently  with  Fermi  (:10],  have  suggested  tliat  the  <  onsid- 
eration  of  specific  binding  forces  and  bare  masses  could  lx*  avoided  in  obtaining  the  ('quation 
of  motion  (5.12)  by  redefining  the  eh'ctromagnef ic  momentum  and  energy  (and  associated 
stress-momentum-energy  tensor)  used  to  determine  the  self  electromagnetic  force  and  power 
[20,29,31].  In  particular,  they  replace  th«'  original  elect romagiu'tic  momentum  and  <'nergy 
densities,  CqE  x  B  and  eo{E^  -h  c^B^)f2,  in  the  second  integrals  of  (.3.1)  and  (3.2)  by  new 
momentum  and  energy  densities,  gnf.uir.O  r.  0-  ^^'ich  that  the  total  momentum 

and  energy  VF„eu. 
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transform  as  a  four-vector,  at  least  when  the  charge  has  constant  velocity,  and  satisfy  the 
consistency  requirements  (5.14)  and  (5.16b).  Moreover,  gn^w  ^nd  U'nfu  fit*  chosen  to 
eliminate  the  4/3  factor  that  arises  using  the  conventional  d('finition  of  electromagnetic 
momentum  and  energy. 

For  example,  if  the  stress-momentum-energy  tensor  is  redefined  so  that  the  momentum 
density  gnetu(r,  <)  equals  7^u  multiplied  by  any  invariant  function  involving  the  electromag¬ 
netic  field,  charge-current,  or  both  [12,  sec.  1.23J  (invariant  with  respect  to  all  inertial  frames 
moving  with  constant  relative  velocities),  and  the  energy  density  u’ncu/r./)  ecjuals  *Ac^  times 
the  same  invariant,  that  is 

gne.^(r,0  =  7^u/  (G.34a) 

«’„^„,(r, /)  =  7^c^/  (6.341)) 

where  u  is  the  velocity  of  the  charge,  and  /  is  the  invariant,  then  the  total  momentum 

and  energy  in  (6.33)  of  a  charge  distribution  moving  with  constant  velocity  transform  as 

a  four-vector.  The  total  momentum  and  energy  in  (6.33)  calculated  from  (6.34)  determine 
a  four-vector  because  (70,70)  is  a  four- vector  and  /  h/dV  is  an  invariant,  providtd  I  is 
calculated  for  a  charge  distribution  moving  with  constant  vitonti/. 

Rohrlich  et  al.  [29,31]  redefine  the  momentum-energy  to  yit'ld  the  specific  invariant 

which  can  be  inserted  into  (6. .34)  and  integrated  in  (6.i{3)  for  a  uniformly  charged  sphere 
moving  with  constant  velocity  u  to  give  the  four-vector 

(6.36a) 
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For  a  charged  spliere  moving  with  arbitrary  velocity  u,  (6.35)  still  yields  (6.36)  for  the 
dominant  1/a  terms  of  the  momentum  and  energy.  Thus  when  one  replaces  cqE  x  B  and 
to{E^  -\-c^ B^)j'2  in  the  self  (  lectromagnetic  force  and  power  equations  (3.  i )  and  (3.2)  by  gneu, 
and  u’nm  in  (6.34a)  and  (6.31b),  with  /  inserted  from  (6.35),  the  1  /a  terms  in  the  final  forms 
of  the  force  and  power  equations  of  motion,  (5.12a)  aiui  (5.12b),  ('merge  without  the  explicit 
introduction  of  binding  force's  or  a  nonzero  bare  mass.  However,  for  arbitrary  velocity  u 
the  invariant  (6.35)  does  not  prexlict  the  correct  radiation  reaction  terms  in  the  equations  of 
motion  (5.12). 

Alternative  momentum  and  t'lu'igy  de'iisitie's  to  (6.34)  can  be  found  that  produce  con¬ 
sistent  results  for  the  \/u  terms  ((onsistent  with  the  requirements  (5.14)  and  (5.16b)  on 
the  rate  of  change  of  linear  and  angular  momentum-energy)  and  correct  radiation  reaction 
terms  in  the  momentum  and  ein'igy  equations  of  motion.  Probably  the  simplest  way  to  do 
this  is  to  stibtract  the  moment um-c'nergy  density  (g,,u,’,)  from  the  original  electromagnetic 
momentum-energy  density  <.o[E  x  B,(E*  -f  c‘B^)l‘2\  to  form 


g„,u,  =  toE  X  B  -  g. 
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will  form  the  four-vi'ctor  (n/ou.  m,-;e^),  that  is 
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las  const, ui!  vclocitw  whore  iVg  is  an  arbitrary  constant 

mass.  For  a 

I’clat  1',  i.'t  ically  rigi< 

i  ( liarged  sphere  moving  with  constant  velocity,  ’.vt'  s('<'  from  .‘\|)peiKlix  H 

or  ((». 4a,b)  that 

1  E  X  lAdV  — 

(6.40a) 

J 'ill  spa-  e  3 

and 

/  [!■'/  t  <  ’B')dV  -  -m,,e'^(-y  -  —) 

■J  ./u.'.v.  -  3  4y 

(fi.40b) 

which  (I'lnbine  with  (6,38)  and  (6. .36)  to  show  that  g,  and  'c,  must  satisfy 


(6.41a) 
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/  ^o,dV  =  {  ~  ^ 

J all  space  \  ■  j  /  '>  ; 

Moreover,  if  {ga,»’.)  are  chosen  to  satisfy  (6.11a)  and  (6.  lib)  for  arbitrary  ■velocitx  u.  then 
the  time  derivative  of  (6.38a)  and  (6.38b)  for  arbitrary  velocity  will  yield  1  /a  terms  consistent 
with  (5.14)  and  (5.16b),  and  correct  radiation  reaction  terms  (and  all  higher  electromagnetic 
terms)  in  the  self  force  and  power. 

Schwinger  [20]  has  derived  divergenceless  stress-moment um-energy  tensors  lor  constant 
velocity  charge-current  distributions,  such  that  a  (g,,,'c,)  can  satisfy  (6.11)  for  m,  =  in.,-. 
or  (gj,u’,)  can  satisfy  (6.11)  for  m,  ecpial  to  the  electrostatic  mass  110,,.  .And.  in  fai  t,  his 
method  can  be  immediately  generalized  to  find  a  (g,.(r, )  that  will  satisfy  (6.11)  for  an 
arbitrary  value  of  the  constant  mass  m,  in  the  I /«  term  of  the  redefined  momentum-energy 
given  by  (6.38). 

Specifically,  Schwinger  rewrites  the  electromagnetic  force -power  density  for  uniformi}’ 
moving  (constant  velocity)  charge  distributions,  that  are  spherically  symmetric  in  their  rest 
frames,  as  the  divergence  of  a  tensor  that  deptunls  only  on  the  charge-current  distribution. 
When  this  force- power  tensor,  which  is  not  unique,  is  sulitraited  from  the  eh'ct romagnetic 
stress-momentum-energy  tensor,  a  new  divergenceless  strt'ss-moment um-energy  tensor  re¬ 
sults  for  which  the  total  momentum-energy  is  a  four- v<'ctor.  In  ]rarticular,  he  finds  the  two 
stress- momentum-energy  tensors 

IV  =  -  (6.42a) 


and 

V/  =  Til  +  C'T 


(fi.42b) 


where  T  is  a  scalar  that  depends  on  the  spherical  charge  distribution.  (  The  first  is  found  by 
subtracting  the  tensor  u'ti-'T,  which  is  divergence  less  at  constant  velocity,  from  the  second.) 
For  the  uniformly  moving  shell  of  charg<‘ 


T  = 


(6.42c) 


with  Tq  given  in  terms  of  (r,t)  through  the  i.oreniz  transformation.  I  hus,  the  first  tensor 
(6.42a)  is  essentially  the  same  as  the  st ress-momentum-energy  tmisoi  (6.31)  derivt'd  for  the 
charged  insulator  model  when  the  mass  of  the  insulator  m.„,  is  zero.  Its  mass,  determined 
by  the  integral  of  the  energy  or  momentum  over  all  space,  equals  the  electrostatic  mass.  (.As 
mentioned  in  Section  6.1,  the  slight  difrerence  between  (6.42a)  and  (6.31)  with  m,„,,  zero  is 
the  result  of  the  bare-ma.ss  portion  of  Schwinger’s  tensor  being  distributed  throughout  the 
oblate  spheroid  rather  than  in  the  thin  shell  of  charge.)  The  mass  associated  with  the  second 
tensor  (6.42b)  equals  the  electromagnetic  mass.  It  would  correspond  to  a  charged  insulator 
with  the  mass  of  the  insulator  material  equal  to  1/3  the  electrostatic  mass. 

Of  course,  there  are  drawbacks  to  n’delining  the  elect  ro/nagncti(  nannentiim  and  e/K'rgy. 
If  the  momentum  arul  energy  densities  are  changed  in  the  second  integrals  of  (3.1  )  and  (3.2). 
so  as  to  also  change  the  values  of  the  time  derivatives  of  the.se  integrals,  these  new  values  of 


1.5 


self  electromagnetic  force  and  power  will  no  longer  ecpial  the  Lorentz  force  and  power  (the 
first  integrals  in  (3.1)  and  (3.2))  for  the  shell  of  charge.  I  his  implies  one  or  more  of  the 
following  alternatives: 

1.  the  definition  of  the  Lorentz  force  must  change 

2.  Maxwell’s  equations  must  change 

3.  the  charge-current  distribution  must  change 

4.  unknown  forces  (electromagnetic  or  nonelect romagnetic)  are  present  that  contribute 
to  the  total  self  force  and  power  of  the  charge  distribution. 

None  of  these  alternatives  .seem  very  attractive  because  they  each  involve  introducing 
extra  unknowns  unnecessarily  into  the  simple,  deterministic  model  of  the  electron  as  an 
insulator  that  remains  sphcuical  and  uniformly  charged  in  every  proper  inertial  frame  of 
reference.  .A.lso,  none  of  the  redefinc'd  strc^ss-monuMitum-energy  tensors  luedict  the  second 
and  higher  order  binding  forces  on  the  right  hand  side  of  (1.22)  that  are  nc'ccssary  to  hold 
the  accelerating  charge  to  the  insulator. 
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Chapter  7 

MOMENTUM  AND  ENERGY 
RELATIONS 


The  equations  of  motion  (5.12)  for  the  chargerl  insulating  spline  of  radius  a  moving  with 
arbitrary  center  velocity  u(<)  can  be  rewritten  in  four-vector  notation  [11]  as 


f- 


'i 

rj't 


1  (In'  1  /  (Pu'  /{iij  du-’  \ 
a  (Is  .‘1  y  ds^  ^  (is  ds  j 


+  ()(<i) 


with 


ds  =  ~dt 
1 


(7.2a) 

U2b) 

f7.2c) 

(7.2d) 


The  factor  e^/8;rfo  may  be  e.xpressed  as  where  nirs  lh('  electrostatic  mass  given  in 

(2.3).  The  mass  m,„,,  of  the  uncharged  insulator  material  has  beni  set  equal  to  zero  in  i7.I  ). 

The  total  momentum  G12  and  niergy  U'l^  supplied  by  the  external  force  to  the  charge 
between  the  times  /jand  <2  hs  given  by 


Gi2  — 


^  FrrtltpP 


( 7.3a ) 


and 


or  in  four- vector  notation 


HV2  =  /  '  Fr.,(0  •  u(7)r// 

G'i2  =  (cG|2.11i2)  =  /  f''r-(ls  ■ 

-'•'I 


(7.31)1 


(7,n 
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Substituting  from  (7.1  )  into  (7.1)  we  obtain 


t'  1 


12 


,  1  -  I" 

cSiriu  1« 


rj..  "  277r*l+®'‘'’ 


dll' 


(■•>2) 


du' 


(7.5) 


If  the  velocity  and  acceleration  of  the  [)article  is  tlic  same  at  times  tj  and  that  is,  at  .S] 
and  the  momentum-energy  in  (7.5)  reduce.s  to 


( 


did 
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(Ls 


0(a)  . 


In  tlirei'- vector  notation 


I  diij  did 


(7.6) 


(7.7) 


so  that  (7.b)  becomes 


G'lj  -  (cGi2.  n  12,1 


GTTfyC'’  Jti 


j: 


7''|u|'  + 

C‘ 


(U  li)^ 


(u,c)dt  +  0(a)  . 


(7.8) 


I  he  integrand  in  (7.8)  is  just  tlu'  momentum  and  energy  radiated  per  unit  time  l)y  an 
accelerating  point  charge  [5'2].f'i.  sec.  15].  Thus,  (7.8)  says  that  the  monumtum  and  energy 
imparted  to  the  charge  by  the  <'xternally  applied  force  during  any  time  interval  is  equal  to 
the  momentum  and  energy  radiated  by  that  charge,  jirovided  the  initial  and  final  velocities 
and  a 'celerations  are  the  sam<'.  In  other  words,  the  du'jds  and  d'u'/d.O  terms  in  tlu' 
eriuat  ion  of  mot  ion  (7.1)  re|ir<'sent  rever.silrle  rail's  of  change  of  moment  um-i'iiergy,  while  the 
//'du./J.s  (/(I'/c/.s  term  refiresents  the  irreversible  rate  of  change  of  momentum-energy  that 
radiat<'s  lo  t he  far  field. 

The  reversible  da' jds  teiin  is.  of  course',  the  usual  rate  of  change  of  momentum-energy 
fijiir- vec  tor  in  the  relativistic  vc  ision  of  Nr'wton  s  secoinl  law  of  motion 


m  did  d 

- —  =  - - -^T-llu.Tc) 

as  o7r(,oar^<// 


(7.0) 


Its  integral  over  a  jirofier  time'  interval  determinc's  the  reversible  change  in  kinetic  momc'ti- 
turn-enc'rgv  of  the  p.irliclc'  during  tli.it  time'  interval. 

1  lu'  reversible  idu'IdO  teiin  can  Ix'  writic'ii  in  t hrc'e- vr'ctor  form  as 


d'ld  _  -  0-,  d 

()~i  I,  ^  dl 


^  -I 

-;‘'u  +  -^(U  ■  U)U 


(y  'u  •  ui 


(7,10) 
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When  this  perfect  differential  is  integrated  over  proper  lim<'  it  yic'lds  a  reversible  change  in 
momentum-energy  that  cannot  be  classified  as  cither  a  change  in  kiiK'tic  monH'nluin-energy 
or  a  change  in  radiated  momentum-energy  (which  is  irreversibly  K^st  to  the  far  fi«'hl).  Schott 
[dd]  called  the  eiu-rgy  [)ortion  of  (7.10),  that  is 


(7-1 II 


the  “acceleration  energy”  because  i‘  “must  be  regard<'d  as  work  stored  in  the  election  in 
virtue  of  its  acceleration”.  Therefore,  this  part  of  (7.10)  is  sometimes  referred  to  as  the 
Schott  energy  term,  although  Abraham  [2,  sec.  1.5]  had  jireviously  separated  the  reversible 
momentum  as  well  as  the  reversible  eiK'igy  of  (7.10)  in  his  derivat  ion  of  the  radiation  reaction 
for  a  charge  moving  with  arbitrary  velocity. 

Before  and  after  the  external  force  is  a|)plied,  the  acciderat ion  of  the  charge  is  zero  so 
that  the  Schott  acceleration  momentum-energy  is  zero;  and.  as  expected,  the  momentum-en¬ 
ergy  that  has  been  supplied  by  the  external  force  has  bi'en  converted  entirely  to  kinetic  and 
radiated  momentum-energy.  However,  wliih-  the  external  force  is  being  applied,  the  charge 
is  accelerating  and  the  momenturn-energv'  supplied  by  the  external  force  is  converted  to 
“Schott  acceleration  momentum-energy”,  as  well  as  kinetic  and  radiated  momentum-energy. 

A  physically  intuitive  understanding  of  the  “acceleration”  momentum-energy  can  be 
gained  by  looking  at  (7.1)  for  time  harmonic  motion.  With  the  help  of  (7.7).  (7.!J)  and 
(7.10),  the  momentum  and  energy  equations  of  motion  in  (7.1 )  may  be  written  separately  in 
the  three- vector  notation  as 


F„,  = 


c/(yu) 


9<TT(oac? 


Ottcoc’  1  (It 


d  •> .  V , 

—  u  +  --(u  •  u)u 
(It 


4  ldp  +  4(u.u) 


+  0{ci) 


STTfon  (It  OTTfoC^ 


(-■'u  •  u) 


-7^  -f  ^(u  •  a)^J  I  -f  0((1)  .  (7. 12b) 

The  first  terms  on  the  right  sides  of  (7.12)  can  be  interpreted  simply  as  the  rates  of  change  of 
kinetic  momentum  and  energy  required  to  accelerate  the'  static  energy  that  is  connected  with 
the  moving  charge.  To  understand  the  second  terms  on  the  right  sides  of  (7.12).  consider  a 
charge  oscillating  rectilinearly  with  sinusoidal  frequency  a.',  so  that  the  velocity  is  givim  by 

i/(f )  =  f'o  sin(u;/,)  (i^l'l) 

and  the  radiation  reaction  terms  in  the  energy  equation  of  motion  (7.12b)  become 


y'u  11)  = 


(7.M) 
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=  COS^{iOl) 


(7.15) 


( * 


when  {ii/c)^  <C  1. 

1  he  irreversible  reaction  term  (7.15)  behaves  as  a  time-harmonic  radiated  power,  that 
is,  it  has  the  time  dependence  of  the  Poynting  vector  integrated  over  a  closed  surface  in  the 
far  field.  Its  average  over  time  has  the  positive  value  Uqu:^ l2.  I'he  rev'ersible  “acceleration” 
reaction  term  (7.14)  behaves  as  a  reactive  power  whose  average  over  time  is  zero.  In  other 
words,  if  the  oscillating  charge  were  an  antenna  fed  by  a  single-frequency  input  voltage  and 
current.  (7.14)  and  (7.15)  would  contribute  to  the  reactive  and  resistive  (radiation  resistance) 
parts,  respectively,  of  the  iui)ut  inq^edance  of  the  antenna. 

For  a  charge  whose  velocity  and  acceleration  are  continually  increasing  with  time,  rather 
than  oscillating,  the  reversible  kinetic  energy  continually  increases,  the  irreversible  radiated 
power  increases,  and  more  and  more  reactive  or  Schott  acceleration  energy  is  taken  from  the 
electromagnetic  fields  of  the  charge.  A  similar  unlimited  increase  in  the  radiated  and  reactive 
energies  occurs  when  the  frequency  of  an  oscillating  charge  or  electric  dipole  is  continually 
ii;creased,  as  one  can  s<!('  trcjm  (7.15)  and  (7.11).  However,  the  reactive  tmergy  taken  from 
the  fields  of  an  oscillating  charge,  although  it  can  increase  without  limit  by  increasing  the 
frequency,  is  always  returned  to  zero  and  sup[)lied  to  the  fields  in  an  equal  amount  during 
each  half  period  of  oscillation. 


7.1  Hyperbolic  and  Runaway  Motion 


For  hyi)erbolic  motion  (relativist  ically  uniform  acceleration),  which  is  defined  as  [29, 
and  6-11] 

d^xi'  du,du^ 

-rrr  +  «  -7^-7-  =  0 


sec.  5-3 


(7.16) 


the  re\(Msil)l('  reactive  power  (■an<'els  the  radiated  pow<'r  and  the  equation  of  motion  (7.1) 
reduces  to  that  of  an  uticharged  |)article 


c^  dll' 

. — 7-  +  o(«) 

67rco«  as 


(7.17) 


that  is.  the  time  rate  of  change  of  kinetic  momentum-energy  equals  the  applied  force  minus 
the  0(ii}  terms.  The  charged  particle  radiates  by  drawing  energy  from  the  reactive  fields  of 
the  charge,  the  reactive  fields  continually  being  replenished  by  the  increasing  acceleration  of 
the  charee. 

I'or  the  runaway  solutions  (see  ('hapter  S),  c'.xponent ially  increasing,  homogc'neous  solu¬ 
tions  to  (7.1),  |Ih‘  reactive  |)ower  cancels  both  the  radiated  power  and  the  kinetic  power, 
that  is 

d"a'  ^dtijdid  3  dll' 
ds^  ds  ds  la  ds 
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(neglecting  0(a)  terms),  or  in  three-vector  notation 


d 

dt 


u  + 


(/(7U) 
In  dt 


(7.19a) 


dt 


(7‘*u  ■  li)  =  7' 


liip  -h  ^(u  ■  ti) 
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d'ff 
ia  dt 


(7.19b) 


Even  though  these  runaway  solutions  are  presumably  not  physically  realizable,  they  are 
mathematically  valid  homogeneous  solutions  to  the  differential  equation  of  motion  that  do 
not  violate  conservation  of  momentum-energy.  Both  the  increasing  reversible  kinetic  mo¬ 
mentum-energy  and  the  increasing  irreversil)le  radiated  momentum-energy  are  taken  entirely 
from  the  reservoir  of  reversible  reactive  momentum-energy  that  is  continually  being  suj)plied 
by  the  increasing  acceleration  of  the  charge.  It  is  emphasized  that  the  unlimited  supply  of 
reactive  momentum-energy  for  the  runaway  modes  is  produced  by  the  unlimited  increase 
in  the  four-acceleration  of  the  particle,  and  is  not  dependent  upon  the  radius  of  the  charge 
approaching  zero  or  mass  of  the  particle  approaching  infinity. 

Although  the  homogeneous  runaway  solutions  do  not  violate  the  conservation  of  momen¬ 
tum-energy,  it  is  shown  in  Chapter  8  that  the  exponentially  increasing  runaway  behavior  is 
eliminated  from  the  complete  solution  of  (7.1)  by  invoking  the  asymptotic  condition  of  zero 
acceleration  as  t  approaches  infinity. 

In  an  attempt  to  get  an  equation  of  motion  that  involves  only  the  kinetic  and  radiated 
momentum-energy  of  a  charged  particle,  one  may  be  tempted  to  simply  discard  the  reactive 
momentum-energy  term  in  (7.1)  or  its  three-vector  equivalent  in  (7.12).  Unfortunately,  the 
resulting  simplified  equation  of  motion  would  no  longer  be  consistent  with  zero.  In 

terms  of  the  three- vector  equations,  the  scalar  product  of  u  with  (7.12a)  would  no  longer 
equal  (7.12b). 

It  seems  quite  remarkable  that  without  the  insight  and  transformations  of  special  relativ¬ 
ity,  Abraham  was  able  to  determine  the  reversible  (reactive)  parts  of  the  radiation  reaction 
force  and  power  in  (7.12)  from  a  knowledge  of  the  radiated  momentum  and  energy  of  an 
accelerating  point  charge;  then  prove  that  the  solution  was  uni<|ue  [2.  sec.  15].  (In  the  four- 
vector  notation  of  (7.1)  and  with  the  transformations  of  special  relativity,  tin'  determination 
of  the  reversible  part  of  the  radiation  reaction  from  the  radiated  part  is  an  elementary  ex¬ 
ercise.  Uniqueness  of  solution  follows  from  the  fact  that  a  four-vector  which  reduces  to  zero 
in  the  proper  inertial  frame  must  be  zero  in  an  arbitrary  inertial  frame.) 


Chapter  8 


SOLUTIONS  TO  THE  EQUATION 
OF  MOTION 


As  a  preliminary  to  solving  the  ecpiation  of  motion  (7.1)  for  the  uniformly  charged  sphere  of 
radius  a  and  total  charge  f. .  write  the  magnitude  of  the  four  acceleration  in  (7.1)  as 


(iuj  (lu^  _  (w  ■  w')^  iv'^ 
f/s  ds 

where  w  is  defined  in  terms  of  the  velocity  of  the  center  of  the  shell  by 

w  =  *,u.  -y  =  (I  -  V? =  (I  + 
and  the  primes  denote  derivatives  with  respect  to  the  proper  time 

dr  =  (// / 7  . 

Insertion  of  (S.l)  into  (7.1)  yields  the  three- vector  e<iuation  for  w 
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and  <Y.'Jj  becomes 
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Following  Schott  [33]  we  see  that  the  substitution 


</)/r  =  sinh(  V/c)  (S.’”)) 

reduces  this  equation  for  rectilinear  motion  to  the  simpler  dilFerential  equation 

^  =  V' -  —  V"  +  0(u^)  (.N.ti) 

IHr,  3C 

where  the  electrostatic  mass  has  been  inserted  from  (2.3),  and  division  by  rtt,^  changes  the 
0{a)  terms  in  (7.1)  to  O(a^)  in  (8.6). 


8.1  Solution  to  the  Equation  of  Rectilinear  Motion 

If  the  terms  of  order  in  (8.6)  are  neglected,  the  most  g('n('ral  solution  to  the  resulting 
equation  of  rectilinear  motion  can  be  written  as 

V'(r)  =  r  +  /l]  (8.7) 

LdmesO  Jo 

— oo  <  r  <  oo 

where  the  external  force  is  applied  at  r  =  0  and  is  assumed  z<'ro  for  all  time  r  <  0.  Integration 
of  (8.7)  with  respect  to  the  proper  time  r  gives  the  general  solution  for  V  as 

V(r)  =  fi+—  r  rUT')dT' 

Jo 
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Integrating  (8.8)  with  respect  to  the  proper  time,  one  could  alsc;  obtain  the  position  of  the 
center  of  the  shell.  This  would  introduce  a  third  arbitrary  constant  (T  and  B  being  tlu'  other 
two)  that  can  be  determined  by  specifying  the  position  of  the  i)article  at  a  (citain  time,  uv 
in  the  remote  past. 

To  determine  the  two  remaining  constants,  .4  and  B.  two  other  boundary  coiiflitions  are 
required.  This  is  one  more  constant  and  boundary  condition  than  is  required  by  Nt'wton's 
second  law  of  motion  for  uncharged  particles,  which  involves  only  the  first  chuivativi'  of 
velocity,  rather  than  the  first  and  second  <lerivatives  in  (8.6).  .Xt  first  thought,  since  the 
external  force  is  not  ajiplied  until  r  =  0,  one  might  set  the  velocity  and  acci'lerat ion  efjiial 
to  zero  at  r  =  0  to  obtain  zero  for  both  the  constants  ,4  and  B.  fheii  (8.S)  would  become 


V(r)=—  /  l''rj-t(T')dT' 
07,  Jo 

—  OC  <  7  <  CC 


Unfortunately,  there  is  a  serious  i)ro[)!eni  with  tlie  solution  (8.9).  The  velocity  function  VX") 
and  all  its  derivatives  approacli  infinity  (u(t)  —*  c)  as  r  — ♦  cx:,  even  when  the  external  force 
is  applied  for  a  finite  time. 

Returning  to  (8.7)  or  (8.8)  we  see  that  these  "runaway  solutions"  are  eliminated  as  r  — »  oc 
if  and  only  if  the  constant  .1  is  given  by 

.4  =  r  FUr')^  (8.10) 

Equation  (8.10)  insures  that  the  acceleration  in  (8.7)  approaches  zero  as  r  — ►  oo,  if  the 
external  force  approaches  zero  as  r  —*  oc;  and  thus  (8.10)  can  be  considered  a  result  of  the 
"asymptotic  condition"  [10,29] 

.  du' 

lim  ——  =  0  (8.1  la) 

ds 

when 

jim  F^'j.((.'<)  =  0  .  (8.11b) 

(Rohrlich  [29,  sec.  8-2]  points  out  that  the  asymptotic  condition  can  be  based  on  a  fundamen¬ 
tal  "principle  of  undetcctability  of  small  cliarge”,  which  asserts  that  the  motion  of  a  charged 
particle  must  approach  that  of  a  neutral  particle  in  the  limit  as  the  charge  approaches  zero.) 
•After  insertion  of  A  from  (8.10),  (8.8)  can  be  v, ritten  as 

V(r)  X  _L  [  /"  F,,,(r')dr']  (8.12a) 

lllf,  Ur  IQ 

-OC  <  r  <  oc 
or 

V(r)  ^  B+--\  /  V..,(r  +  r’)f:-^^^'^*’‘dT'  +  rK,,(T')dT']  .  (8.12b) 

tiifs  12o  Jo 

—  oo  <  r  <  oc 

.\  final  boundary  condition  is  needed  to  evaluate  the  constant  B  in  (8.12).  One  can 
evaluate  B  by  specifying  the  initial  velocity,  but  this  procedure  leads  to  a  velocity  in  the 
remote  past  ( r  — »  —  oc )  that  depends  on  the  external  force,  which  we  have  assumed  is  applied 
at  r  =  0.  Specifically,  if  one  enfor(<’s  the  initial  condition  V(0)  —  0  in  (8.12)  then  both  the 
constant  B  aiul  the  \-elocity  function  in  the  reunote  j>asl  are  given  by 

B  =:  V(  -  ^  r  (8.i:i) 

./() 

I’livsically.  it  is  much  more  appealing  to  <iemand  that  in  the  remote  past  the’  velocity  be  zero 
or  a  constant  that  is  independent  of  the  applied  force.  I  hus.  if  the  final  boundary  condition 
on  th('  motion  (T  the  charge  is  an  asymptotic  condition  on  the  velocity  in  the  remote  past; 
in  particular,  for  zero  \’elocity  in  th<’  remote  past 


lim  u  =  0 


(8,11) 


then  B  =  0  and  (8.12)  becomes 


V(r)  =  —  \r  Fe.,(r  + 
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Equation  (8.15),  combined  with  the  definitions  (8.5)  and  (8.  lb),  is  the  general  solution 
for  the  rectilinear  velocity  u  of  the  center  of  the  sliell  of  ( harge  for  all  time  litider  the  (wo 
asymptotic  conditions  that  the  acceleration  approaches  zero  in  the  distant  future  (hu'  zero 
external  force  in  the  distant  future)  and  the  velocity  approaches  zero  in  the  remote  past.  Of 
course,  the  external  force  must  be  well-behaved  enough  for  the  integrals  in  (8.15)  to  c-xi-st, 
and  the  solution  was  obtained  under  the  assum])tion  that  the  terms  of  order  in  (8.8)  could 
be  neglected. 

The  solution  (8.15)  exhibits  two  noteworthy  peculiarities,  d  he  most  unsettling  one.  pre- 
acceleration,  or  acceleration  before  the  external  force  is  a|)pli<'d  at  r  =  0.  is  consitlered  in 
the  next  section. 

The  seco.ud  [x'culiarity  with  tlie  solution  (8.15)  is  that  if  the  lorce  is  zero  after  it  is  apf)lie(i 
over  a  finite  tune  interval,  0  <  r  <  ry,  the  velocity  rc'duces  to 

V(t)  =  ~  /  F^j.t(T' )<It' ,  T  >  To  (8.16a) 

in,,  Jo 

or  equivalently 

7U(0  =  —  r  F„Andt\  t  >  to  (8.16b) 

rUf,  Jo 

the  final  velocity  one  would  obtain  if  the  radiation  term  V"  in  (8.6)  were  ignored  entirely. 
This  result  (8.16)  is  not  so  objectionable,  if  one  realizes  that  it  does  not  imply  that  the 
radiated  momentum-energy  is  zero,  c  r  that  the  work  done  by  tin-  external  force  is  converted 
to  kinetic  energy  alone.  To  se<'  this,  integrate  (7.12)  over  all  time  t hat  tlie  \elocity  is  changing 
(— oc  <  t  <  to)  to  get  (for  rectilinear  motion) 

f  F,,:tdt  ~  f  F,^,dt  -  in,,~,u(to)  +  - - -f  -!''iru{f)dt  (8.17a) 

y-oo  Jo  t);rfoc  .'-x 

I  Fertudt  =  f  F^ufidt  =  fu„c^'r(to)  +  - - -/  ■)^')r{l)dt.  (8.17b) 

J  ~oo  Jo  (iTTfQf"  — -x. 

The  reversible  reactive  momentum-energy  in  (7.12).  that  is,  the  Schott  acceleration  mo¬ 
mentum-energy  (see  Chapter  7),  does  not  (ontribute  to  (8.17)  b(>cause  the  final  acceleration 
and  the  acceleration  in  the  remote  [last  are  both  zero.  The  first  terms  on  the  right  sides  of 
(8.17)  give  the  kinetic  momentum-energy,  while  the  second  terms  give  the  change  in  radiated 
momentum-energy.  During  pre-acceleration  (  — oc  <  /  <  0)  only  the  runaway  solution  is 
present,  and,  as  explained  in  Chaptt'r  7.  the  reactive  momentum-energy  ram  els  both  the 
kinetic  and  radiated  moment  urn-energy.  If  the  final  velocity  uf  the  charge  aKo  ecpials  zero 
(u(fo)  =  0)  the  change  in  the  kinetic  monuuitum  ‘uiergy  is  zerf)  ami  (8.17)  ronfirms  that  tin- 


entire  impulse  and  work  deli\'ered  by  the  external  force  is  converted  to  radiated  momentum- 
energ\’.  Note  that  even  when  the  final  velocity  (as  well  as  velocity  in  the  remote  past)  is 
zero,  we  have  the  inequalities 

r  r  (8.18a) 

Ju  OTrtoc-  Jo 

and 

r  P'e.^udt  f  r  qV(0df  .  (8.18b) 

Jo  bx-foc’  Jo 

That  is.  in  order  for  the  total  momentum-energy  radiated  to  equal  the  impulse  and  work 
delivered  by  the  externally  applied  force  when  the  final  velocity  (and  velocity  in  the  remote 
past)  are  zero,  the  integration  of  the  radiated  time  rate  of  change  of  momentum-energy 
must  include  the  pre-acceleration,  because  the  initial  velocity  u(0)  is  not  zero  in  the  pre- 
accelcration  solution  (8.15). 


8.2  Cause  and  Elimination  of  the  Pre-Acceleration 

The  s(»lution  (8. ’5)  to  the  e(|uation  of  the  motion  prc'dicts  a  nonzero  acceleration  before  the 
external  force  is  apjjlied  at  r  =  ().  One  may  be  tempted  to  simply  set  the  acceleration  or 
velocity  equal  to  zero  for  r  <  0  to  eliminate  the  pre-acceleration  in  (8.15).  However,  the 
resulting  solution  does  not  satisfy  the  original  differential  equation  (8.6)  (with  O(a^)  terms 
neglected)  because  the  velocity  becomes  di.scontinuous  across  r  =  0  (even  when  the  external 
force  is  continuous)  and  spurious  delta  functions  and  derivatives  of  the  delta  functions  are 
introduced  into  the  derivatives  of  the  velocity  at  r  =  0.  For  example,  if  the  external  force  is 
a  unit  ste()  applied  at  r  -  0 


l\rtiT)  = 


0  ,  r  <  0 
1  .  r  >  0 


then  the  solution  (8.15)  becomes  simply 


(  ilf  *'  To-*  ,  7-  <  0 

1  ^4-r  .  r  >0, 


(8.19) 


(8.20) 


We  sec  that  (8.20)  satisfies  the  ecpiation  of  motion  (8.6)  (with  the  terms  neglected) 

for  all  r.  whereas  setting  Vt  r )  =  0  fur  r  <  0  in  (8.20)  violates  the  ecpiation  of  motion  by 
introclucing  delta  and  doublet  functions  in  V'(r)  and  V"(r)  at  r  =  0.  Similarly,  a  spurious 
delta  function  is  introduced  into  V"{t)  by  differentiating  (8.20)  and  setting  the  acceleration 
zero  fc.ir  r  <  0.  regardless  c^f  the-  initial  velocity. 

Although  the  noncausal  pre-  acceleration  decays  in  the  past  at  the  rapid  rate  of  l/e  in  the- 
proper  time’  interval  light  takes  to  travel  l/'i  the  raclius  of  the  charge,  it  should  not  appear 
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in  the  solution  to  the  equation  of  motion  because  the  <-<|uation  of  motion  was  derived  using 
only  causal  (retarded-potential)  solutions  to  Maxwell's  equations.  It  is  not  surprising  that 
the  equation  of  motion  of  a  charged  particle  allows  homogeneous  solutions  like  the  runaway 
modes,  which  are  not  present  in  Newton's  second  law  of  motiiui  for  uncharged  irarticles. 
because  the  radiation  reaction  introduces  time  derivatives  of  acceleration  into  the  ecjuation 
of  motion.  The  disturbing  feature  of  the  equation  of  motion  is  that  when  the  asymjctotic 
condition  (8.11)  is  applied  to  eliminate  the  runaway  mode's  from  the  inhomogenc'ous  solution, 
noncausal  pre-acceleration  cannot  be  avoided  for  a  .solution  that  remains  well-bc'haved  at 
t  =  0,  the  time  the  external  force  is  first  applied. 

The  root  cause  of  the  pre-acceleration  solution  will  be  determined  by  returning  to  the 
derivation  of  the  equation  of  motion  of  the  extended  model  of  the  electron.  Before  doing 
so,  however,  let  us  show  that  the  pre-acceleration  is  not  eliminated  by  including  the  higher 
order  terms  in  the  equation  of  motion  (O(a^)  terms  in  the  equation  of  rectilinear  motion 
(8-6)). 

The  pre-acceleration  solution  (S.l-o)  is  a  solution  to  (S.ti)  when  the  terms  of  orch'r  are 
negligible,  yet  the  solution  (8.15)  violates  this  re<iuirement .  I'o  si-c'  this,  return  to  the  series 
expansion  for  the  self  electromagnetic  force  (as  in  .\{  pendix  D)  and  note  that  the  terms  of 
order  in  (8.6)  are  negligible  if 


1  c  d’^u 

n  +  1  ^  2a  df' 


(.^,21a) 


in  the  proper  frame  of  reference  of  the  charge.  The  inequalities  in  (8. 21a)  represent  asufficient 
condition  for  neglecting  the  terms  in  the  equation  of  motion  beyond  th('  radiation  reaction 
term.  In  words,  (8.21a)  says  that  the  fractional  change  (divided  by  ;/  +  1 )  in  the  second 
and  higher  derivatives  of  velocity  in  the  proper  frame  is  small  during  tlu'  time  interval  it 
takes  light  to  traverse  the  charge  distribution.  A  necessary  condition  for  lu'glecting  tin'  terms 
bevond  the  radiation  reaction  is 


(1)' 


■’  d^u 


2.  3,... 


(8.21b) 


(u -f  1 )!  I  I  \2a  )  I  I 

The  pre-acceleration  solution  (8.15)  behaves  as  exp(3cr/ lu)  for  r  <  0  and  thus  does  not 
satisfy  the  conditions  (8.21)  because 

(^7-n  +  i  V  /  /Jndr"  '  ^ 

Thus,  the  pre-acceleration  solution  in  (8.15)  is  not  a  valid  solution  to  tlie  ('quation  (jf  motion 
(8.6)  for  the  charged  insulator  of  radius  a  when  the  (){<r)  terms  are  retained.  (  I  his  is 
confirmed  by  substituting  the  pre-acceleration  solution  into  (D.17).) 

Unfortunately,  when  the  O(u^)  terms  are  retaiiK'd.  tin'  i)re  ai  celeration  (runawa\'  solution 
for  T  <  0)  is  not  (’liminated,  just  th<’  time  depemience  of  the  prc'-accelerat i(ui  i'^  altt'red. 
Specifically,  the  analys<’s  of  llerglotz  [iM]  and  Wildennuth  j35]  slu<w  that  that  lun.iway 


solutions  to  the  lineari^ed.  homogeneous  form  of  our  equation  of  motion  (7.1)  exist  for  all 
time,  so  that  pre-acceleration  exists  for  t  <  0.  regardless  of  how  many  linear  higher  order 
terms  are  included  in  the  liiK'arized  equation  of  motion  [36].  (These  results  of  Herglotz  and 
Wildermuth  apply  to  the  charged  insulator  when  the  sum  of  the  hare  mass  and  materia! 
mass  of  the  insulator.  .V/u  +  is  less  than  zero.  This  condition  is  met  by  (7.1)  because 

the  bare  mass  in  (7.1)  has  the  negative  value  of  Mq  —  -rn^JS,  and  the  ina.ss  of  the  insulator 
has  been  set  equal  to  zero.  Even  when  the  mass  of  the  insulator  is  not  zero,  the  value 
of  the  sum.  is  negative  for  small  enough  values  of  the  radius  a.) 

The  analyses  of  Herglotz  and  Wildermuth  are  approximate  in  that  they  neglect  all  0{a^) 
terms  involving  nonlinear  products  of  the  time  derivatives  of  velocity  in  the  proper-frame 
equation  of  motion  (see  Section  8.5).  However,  the  analysis  of  motion  of  the  two-charge 
(dumbbell)  problem  [37].  although  it  neglects  the  self  force  of  each  individual  charge,  includes 
nonlinear  terms  and  also  exhibits  the  existence  of  runaway  solutions.  Thus,  in  general, 
the  inclusion  of  higher  order  terms  in  the  equation  of  motion  fails  to  eliminate  the  pre¬ 
acceleration. 

The  root  cause  of  the  pre  arc<'leiation  can  b<*  found  by  t'xamining  the  assumptions  in- 
\'olved  in  the  derivation  of  the  equation  of  motion.  In  Cha])ters  2  through  5  and  the  Ap¬ 
pendixes,  the  equation  of  motion  was  (h'rived  for  the  extended  model  of  the  electron  as  a 
charged  insulating  sphere  of  radius  a.  To  simplify  the  discussion,  concentrate  on  the  force 
equation  of  motion  (5. 12a)  in  the  proper  frame  of  reference  of  the  charged  insulator  (with 
771. n,  zero) 


F.rtit)  = 


U  — 


Srrtonc^  GrTfoC^ 


Ti  +  0(a)  . 


(8.23) 


As  ex|)lained  in  .Section  5.1.  the  rest  mass,  or  coefTicient  of  the  u  t('rm  in  (8.23).  is 
determined  tdtimately.  not  from  the  electromagnetic  self  force,  but  from  the  relativistic- 
generalization  of  Newton's  .second  law  of  motion  and  the  Einstein  mass-energy  relation. 
In  particular,  the  rest  mass  must  equal  the  energy  of  formation  (c^/Stcoo)  of  the  charged 
insulator  divided  by  . 

The  ii  and  higher  order  reaction  terms  in  the  equation  of  motion  (8.23)  are  determined 
from  the  derivation  of  the  sc-lf  electromagnetic  force.  This  derivation,  outlined  in  .Appendix 
.A.  depends  upon  expanding  the-  position,  velocity,  and  acceleration  of  each  element  of  charge 
at  the'  retarded  time  (<'  =  I  —  in  a  Taylor  .series  about  the  prc'sent  time  [t).  For 

example,  the  velocity  of  the  element  of  c  harge  at  r'  in  the  [rroper  frame  is  expanded  as 


u( r'.  /')  -  u 


u^r  —  -f  u(r  .0- 


(8.21a) 


where  the-  distance  R'(t']  has  the-  laylor  series  c*x|7ansion 


H'll']  =  N(l)  - 


H{t)R  ■  u(r',/) 
2H~~  + 


(8.2  lb) 


1  hesc'  l  aylor  series  exftansiDiis  arc-  valid  provtdtd  llu  vflocilp  function  ii(r'.  /  )  as  an  annlylu 
function  of  tinn  I  for  1  bitinui  t'  and  t.  that  is.  for  T  dunny  th(  tniu  intci'val  R'(t')lc 
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before  t  (more  precisely,  \  T  —  t  \<  R'/c).  For  the  self-forcf  calculation  in  the  piopcr  frame 
of  reference,  R'{t')  does  not  exceed  a  value'  of  about  'la  (assuming  the  velocity  dca’s  lu^t 
change  rapidly  for  time  7'  betwcxMi  I'  and  /;  in  other  words,  assuming  tin'  velocity  change' 
is  a  small  fraction  of  the  speed  of  light  during  the'  time'  it  take's  light  to  traverse  the  c  harge 
distribution). 

After  the  external  force  is  applie'd  at  /  -  0,  e>ne'  may  assume'  that  the'  e,\leiii,il  force 
3.nd  thus  the  velocity  of  the  charge  u(r',/),  is  an  analytic  function  of  t  for  /  >  0. 
However,  since  the  external  force  and  velocity  are  zero  for  t  <  0.  theyv  cannot  be  analytic 
functions  of  T  bcHweren  t'  and  t  when  t  is  greater  than  zero  but  less  than  R'{l')lc 
because  then  t'  is  less  than  zero.  In  other  irords.  the  I'aylnr  srrus  i xpansioiis  in 
invalid  for 

0<t^la/c  iS.l')} 

and  thus  the  following  expression  obtaiiu'd  from  e'eiualcon  (.A. 10)  of  .Appendix  .A  for  the  self 
electromagnetic  force  in  the  proper  frame  is  not  valid  timing  this  short  time  interval  (8.25' 
after  the  external  force  is  first  applied 


FjAO  - 
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R  u)R  +  ii 


(S.2()) 


Fortunately,  one  can  see  directly  from  equation  {A.2)  of  ApjX'ndix  A  how  the  integral  in 
(8.26)  should  be  modified  for  t  <  R'{t')lc.  Specifically,  for  t  <  R'(i')fc.  u(r',/')  and  u(r'.F) 
are  identically  zero  so  that  (fE(r,<)  in  (A.2)  re'duces  to  de'K' /ineoR'^ .  Thus,  a  simple 
modification  to  the  integrand  of  (8.26),  shown  in  the  following  ('epiation  (8.27),  produces  an 
expression  for  the  self  electromagnetic  force'  that  is  valid  for  all  time  in  the  proper  frame 
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I  dt  'df.  f/  =  0 
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where  h{t)  in  (8.27)  is  the  unit  step  function. 

Although  the  step  function  appe’aring  in  (8.27)  repre'sents  a  minor  niodification.  it  pre¬ 
vents  the  exact  evaluation  of  the  doubh'-inte'gration  in  (N.27)  ehiring  the  time  inte'i  val  (8.2.5). 
Nonetheless,  for  /  <  0  the  value  of  the  integral  is  zerer.  anel  for  t  ^'lalc.  the  inte'gral  yields 
the  usual  expression  (A.ll)  for  the  self  electromagnetic  forci'  in  the  projier  frame. 

During  the  time  just  after  the  external  force  is  a])plie<l  (0  e  t  'lajr).  I  he  e(|uat  ion  (.A. 2) 
rc'veals  that  the  self  eh'ctromagnetic  force',  in  a  fix<'«i  laboratoiA'  fr<mi<'  ol  ix'feieiii  e  idenoteeJ 


by  L)  coinciding  with  the  initial  position  of  the  charge  distribution,  can  be  written 


Fe#(0 


=  “// 

4  TT^ Q  j  Jch 


dt'de  +  O 


(8.28) 
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R',(t')  =  rat)-r,it'). 

Since  ri{t)  can  be  expanded  about  t  =  O'*"  as 

rL(0  =  ro  +  u(0+)<V2  +  ii(0+)<V6  +  ...,  <>0  (8.29) 

where  ro  is  the  initial  position  vector  of  the  de  charge  element,  and  can  be  expanded 

as 

r'[(t')  =  To  +  0(t'^),  t  >  0  (8.30) 

where  Fq  is  the  initial  position  vector  of  the  dc'  charge  element,  Ri^(^')  can  be  writien 

R'^(/')  =  Ro  +  0(<2),  Ro  =  ro-r'.  (8.31) 


Substitution  of  (8.31)  into  (8.28)  yields 


Fer(0 


•iltiQ  J  J charge 


de'dc  +  O 


2(1 

0  <t<  — 


The  first  term  on  the  right  side  c;f  (8.32),  the  doubh'  integral  over  the  initial  static  charge 
flistribution  of  the  sj)hcre.  is  zero.  .Moreover,  (8.32)  shows  that  the  self  electromagnetic  force 
approaclu's  zero  as  0  or  faster  as  /  approaches  zero.  Thus,  the  s(‘lf  elect roniagnetic  force 
increases  smoothly  from  its  z<.'ro  value  at  t  <  0  to  its  value  given  in  (A.l  1 )  for  t  ^2a/c. 

In  all  then,  during  the  time  interval  (8.25),  each  term  in  the  self  electromagnetic  force 
(.A.l  1 )  is  multiplied  by  a  function  of  time  that  increases  monotonically  from  zero  at  t  =  0  to 
unity  at  t  s;  2a/c.  That  is,  the  self  electromagnetic  force  in  the  proper  frame  determined  b\ 
the  corrected  integral  expression  (8.27)  can  be  writU'ii  as 

F,f(0  =  7. — — '/i(0u(0  +  n  =  0,  (8  331 


X  f  0  .  <  <  0 

“  I  1  ,  /  >2(i/c  . 

V\'hen  (8.33)  is  used  in  Chapter  5  for  the  determination  of  the  force  cc|uation  of  motion, 
.Newton’s  second  law  of  motioti  and  Einstein’s  massamergy  relation  demand  that  the  total 
force  (external  plus  self  elec  t ixunagni’tic  force)  (xjuals  a  time  rate  of  change  of  momentum 
that  cancels  the  u  term  in  iS.'M)  and  acids  the  rest-mass  time  rate  of  change  of  momentum, 
iif  for  all  time.  I  he  li  term  is  retaiiu'd  from  the  self  force  calculation  (8.33)  to 

yield  a  projH’r-frame  ecpiation  of  motion  valid  for  all  time 

F,.,(0  -  — - r.ulf)  -  ~^—-r)i(t)u{t)  +  0(a),  u  =  0,  (8.31) 

^7^(  OTTCrC 


In  an  arbitrary  inertial  reference  frame,  and  in  four-veclDr  notation.  (S.dl)  generalizes  to 
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Note  that  the  scalar  function  t]{s)  in  (8.35)  does  not  d<>stroy  the  covariance  of  the  equation 
of  motion.  Also,  if  the  mass  of  the  uncharged  insulator  material  were  not  negligible, 
would  be  added  to  the  electrostatic  mass  (y ^/8rreo«e^)  in  the  first  terms  on  the  right  sides  of 
(8.34)  and  (8.35). 

The  necessity  of  the  function  r/,  which  increa.s<'s  monotonically  from  zero  to  one  in  tlie 
short  tinre  it  takes  light  to  travel  across  the  electron,  is  quite  easy  to  understand  physically  by 
considering  two  differential  eh-Mcnts  of  charge  at  either  end  of  the  charge  distribution.  These 
two  elements  are  at  rest  separated  by  a  distance  2a.  When  tlu-  (-xternal  force  is  first  airirlied, 
each  of  these  charge  elements  accelerates  and  radiat<'s.  llowmi'i  .  ('ach  eh'ment  of  charge  does 
not  experience  the  radiation  from  the  other  until  npproximatel\’  the  time  it  takes  light  to 
travel  between  them.  Thus,  there  will  be  a  time  delay  in  the  radiation  reaction  force  of  about 
2a/c  between  these  two  elements  of  charge  separated  by  2a.  For  the  other  combinations  of 
cl'arge  elements  separated  by  a  distance  less  than  2a,  tin'  time  delay  of  the  radiation  will  be 
proportionately  less.  The  double  integration  over  the  entire  sjrhere  of  charge  elements  dc  and 
dc'  produces  a  continuous  addition  of  radiation  forces  with  time  delays  varying  from  zero 
to  about  2a/c.  Hence  the  function  y  appears  in  (8.34)  ami  (8.35),  monotonically  increasing 
from  zero  to  unity  between  the  time  the  external  force  is  first  ap[)licd  and  the  time  ss  2«/c 
after  which  the  self  electromagnetic  force  can  be  expressed  entirely  in  terms  of  the  presen* 
velocity  and  its  time  derivatives. 

The  function  r/  is  a  small  yet  important  addition  to  tin-  equation,  of  motion  b('cause  it 
allows  well-behaved  solutions  to  the  erjuation  of  motion  that  satisfy  initial  conditions  on 
velocity  and  t!  at  are  free  of  pre-acceleration.  Id  show  this,  rewrite'  (J'i.35)  for  rectilinear 
mertion  in  the  form  of  (8.6)  by  means  of  the  change'  of  variables  de'tined  at  tin'  begimiing  of 
Chapter  8.  Negh'cling  the  terms  of  ()[  ■■’),  we  have 


FUr) 


=  V'(r) 


4  a 


*/(r)V"(r) 


(8.3fi) 
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Fniuation  (8.36)  is  a  first  order  linear  differential  ('quaiion  for  V'(r).  Its  solution  fin  all  r. 


under  the  asyrnptotie  condition  (8.11)  is  given  hy 


f  ^ 

T  <  U 

1  7^. 

r'  alL 

f  4a  Jr  fjir”] 

dr' 

,  r  >  0 

(8.37) 

where  as  usual  we  have  assumed  lliat  the  external  force  is  applied  at  r  =  0  and  is  zero  for 
r  <  0.  Integration  of  (S.ilT)  over  time  produces  the  solution  for  the  velocity  of  the  charge  that 
is  zero  for  r  <  0  and  continuous  for  all  r,  even  across  t  =  0,  as  long  as  Fej-/(T)  is  continuous  or 
has  a  finite  jump  across  r  =  0.  In  other  word^,  the  inclusion  of  the  rj  function  in  the  equation 
of  motion  has  eliminated  the  pre-acceleration  from  the  solution  to  the  original  equation  of 
motion  without  introducing  false  discontinuities  in  velocity  across  t  =  0  or  spurious  delta 
functions  and  their  dei'ivative.-^  at  r  =  0. 

The  modified  equation  of  motion  (8.:T5),  or  its  rectilinear  version  (8.36),  still  admits  a 
homogenous  runaway  solution  for  /  >  0;  however,  this  runaway  solution  is  zero  for  <  <  0  and 
thus  is  eliminated  from  the  modified  equation  of  motion  by  the  asymptotic  condition  (8.1  1) 
without  introducing  noncausal  motion  (ai'celeration  for  t  <  0)  into  the  solution.  (Interest¬ 
ingly.  a  nonrelativi.stic  quantum  <‘lectrodynamica!  analysis  of  the  electron  as  an  extended 
charged  particle  exhibits  neither  runaway  solutions  nor  observable  noncausal  motion  if  the 
va  ue  of  the  fine-structure  ( onstant  of  the  electron  is  less  than  about  one.  and  predicts  a 
vanishing  electrostatic  self  energy  in  the  point  charge  limit  [38].) 

For  r  >  '2a/c  th<'  solution  (8.37)  for  the  acceleration  V'  becomes  idimtical  to  the  solution 
for  acceleration  to  the  original  equations  of  motion  (8.6)  obtained  in  Section  8.1,  namely 


V'(r)  =  -A_  r  /.;,,(r')c-'*'^<"-^>/^Vr'. 

Jr 


T  >  2a/ i 


W  hen  the  external  force'  is  first  applied  at  r  =  0,  the  acceleration  is  given  by  (8.37)  as 


V'tO) 


(8.3ya) 


Integrating  (8.3!)a)  1>S'  p.irts,  asMiming  l\rt{r)  i^  a  (ontinuous  function  from  the  right  at 
r  =  I),  one  obtains 
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Since  (  ''..32)  shows  that  //( r )  ---  0  near  r  =  0  as  or  faster,  the  ('xponent  ial  in  the  integrand 
of  (8.39[q  is  zero,  so  that  (S,.3')b)  reduces  t.o  simply 


V'(0)  = 


Til, 


(8.10) 


F.quat  ion  ( s.  It) )  e.xiu  esse-  t  lie  uit  mt  ively  satisfying  result  that  the  acci  lerat  ion  of  the  charged 
insulator  e(|uals  t  lu'  external  foi  ee  divided  iiy  t lu'  mass  when  t  he  external  force  is  first  applied. 


In  addition,  the  acceleration  and  velocity  are  zero  before  the  external  force  is  applied  (  r  <0). 
and  the  velocity  is  continuous  across  r  =  0  for  an  external  force  that  has  at  most  a  finite 
discontinuity  at  r  =  0. 

Although  the  solution  to  the  i^orrected  equation  of  motion  (8. .15)  is  free  of  pre-acceleration, 
it  may  be  bothersome  that  for  t  >  2a/c  the  motion  at  the  present  time,  as  seen  for  example 
in  (8.38),  depends  on  the  values  of  the  external  force  at  all  future  times.  .Note,  howevx'r. 
that  the  contribution  from  future  times  appreciably  greater  than  the  time  it  takes  light  to 
traverse  the  charge  is  not  only  small  but  meaningless  becasiise  (8.36)  and  (8. .38)  neglect 
terms  of  order  a^.  Also,  the  result  becomes  understandable,  if  it  is  remembered  that  (8.38) 
is  the  solution  to  an  equation  of  motion  obtained  under  the  restriction  that  the  externally 
applied  force  must  be  an  analytic  function  of  time  for  all  /  >  0.  Thus,  assume  that  for  r'  >  0. 
P'ext{T')  in  (8.38)  can  be  expanded  in  a  power  series  about  r  to  recast  (8.38)  in  the  form 


d^F'ertir) 

dr" 


T  >  -lajc 


(S.4 1 ) 


which  simply  states  that  the  acceleration  at  any  one  tinu'  (r  '^'lajc)  deirends  on  the  time 
derivatives  of  the  applied  force  as  well  as  the  applied  force  itself  at  that  time.  (Note  that 
(8.41)  is  not  a  valid  representation  for  r  <  2a/c;  and  only  the  first  two  terms  in  the  summa¬ 
tion  are  a  valid  asymptotic  solution  for  r  >2a/c  becau.se  (8. .30)  and  (8.38)  neglect  terms  of 
order  a^.) 

The  equation  of  motion,  (8.34)  or  (8.3.5),  Wcis  derived  assuming  that  the  external  force 
is  zero  for  t  <  0  and  an  analytic  function  of  time  for  t  >  0.  The  nonanalytic  point  at  t  =  0 
gave  rise  to  the  r/-function  modification  in  (8.34)  and  (8.35).  If  the  external  force  were  not 
analytic  at  other  points  of  time,  similar  modifications  to  the  equation  of  motion  would  be 
needed,  in  general,  near  these  points. 

Abraham  also  realized  that  the  traditional  series  representation  of  the  self  electromagnetic 
force  became  invalid  for  “discontinuous  movements”  of  the  charge.  In  Section  23  of  [2]  he 
states,  “These  two  forces  [electromagnetic  mass  term  plus  radiation  reaction]  arc  basically 
nothing  other  than  the  first  two  terms  of  a  progression  which  increases  in  accordance  with 
increasing  powers  of  tiie  electron’s  radius  a.  ...  Because  the  internal  force  is  determined 
by  the  velocity  and  acceleration  existing  in  a  finite  interval  preceding  the  affected  point 
in  time,  such  a  progression  is  always  possible  when  the  movement  is  continuous  and  its 
velocity  is  less  than  the  speed  of  light.  ...  The  series  will  converge  more  poorly  the  closer 
the  movement  approaches  a  discontinuous  movement  and  the  vedocity  approaches  the  spex'd 
of  light  .  ...  It  fails  completely  for  discontinuous  movements.  .  .  .  Her*',  other  methods  must 
be  employed  when  computing  the  internal  force.”  Abraham  goes  on  to  deri\-e  the  radiated 
energy  and  momentum  of  a  charged  sphere  with  discontinuous  velocity  [39],  He  also  derives 
Sommerfeld’s  general  integral  formulas  for  the  internal  electromagnetic  force  [lOj.  .Neither 
he  nor  Sommerfeld,  however,  evaluates  or  interpix’ts  these  goncral  inte'grals  excx'pt  to  slutw 
they  yield  a  null  result  for  a  charged  sphere  moving  with  constant  veloiity.  .And.  of  coursix 
a  key  to  deriving  the  corrected  equation  of  motion  (8.35)  is  to  realize  that  the  modifying 
function  r/  applies  to  the  radiation  reaction  but  not  to  the  inertial  mass  term. 


8.3  Power  Series  Solution  to  Equation  of  Rectilinear 
Motion 

The  pre-acceleration  solution  (8.15)  to  the  equation  of  rectilinear  motion  (8.6)  was  derived 
in  Section  8.1,  and  the  solution  (8.:17)  to  the  corrected  equation  of  rectilinear  motion  (8.36) 
was  derived  in  Section  8.2,  under  the  assumption  that  the  0{a^)  terms  in  (8.6)  and  (8.36) 
could  be  neglected. 

To  get  a  solution  to  the  equation  of  rectilinear  motion  for  the  charged  insulator  of  radius 
a.  that  in  principle  could  include  the  0{a^)  terms,  ignore  the  correction  function  7/(7)  in 
(8.36)  so  that  (8.36)  becomes  identical  to  (8.6).  Then  expand  the  acceleration  function 
V'(t)  in  powers  of  «,  that  is 

V'(r)  =  rt'(r)  +  i^'{T)a  +  O(a^)  (8.42) 


so  that  (8.6)  becomes 


lii  =  p  +  p  _  lo")  a  +  O(a') 


where  the  f)rimes  on  o'  and  i',  as  well  as  V',  denote  differentiation  with  resi)ect  to  the  proper 
time  T.  E(|uating  like  powers  iT  a  in  (8. 1.3)  w<'  can  solve  for  a'  and  ,3'  in  t('rms  of  Feit/nies-. 
namely 

,/(r)  =  —  (8.44a) 


,,,  ,  i  e,  ,  -I  Kr, 

■Ur)  =  —a  (r)  =  - - 

3c  3c  nie, 

so  that  t!i«'  solution  (8.42)  for  the  acceleration  function  can  be  written 


(8.44b) 


V'(r)  - - /'tj-df)  +  +  0((F) 

m,,  3c 


■  "v:  7  <  oc' 


Integiation  of  (8.45)  with  resfX'Ct  to  the  proper  time  yields  the  velocity  function 

V(7)  =  [  r  (r')c/7'  4  +  0(e^)]  (8.46) 

in,,  L/i)  3r  J 

-  ?c  <C  7  <  >: 


when  tlic  external  force  and  \clo(  ity  are  zero  before  7^0. 

I  he  t2(c‘’)  terms  in  (''.16)  are  negligible  at  any  time  7  if 


'  F,j,{r}  \  c  d’‘F,^,{T} 

I  a  dr" 


n  =  0,  1 , 2, ... 


(8.47) 


that  whenever  the  tract  iiiiial  <  lianges  in  the  externally  applied  force  and  its  t  ime  deri  vat  ives 
ar('  small  during  the  time  interval  it  takes  light  lo  traverse  the  radius  of  the  charged  si)here. 
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The  solution  in  (8.16)  for  the  rectilin<‘ar  velocity  function  of  the  charged  insulator  of 
radius  a  contains  no  runaway  solutions,  no  pre-accelerat ion.  and  is  obtained  usine  the  single 
initial  condition  of  zero  velocity  iniiuedialcdv  before  the  exti-rnal  f(jic('  is  appliisl.  Of  (diiise. 
an  arbitrary  constant  velocity  could  be  added  to  the  right  side'  of  (S.Ui)  if  tlie  \elo(  ny  we  re 
not  zero  before  the  external  force  were  a(>plied.  Howev<'r,  regard les.s  of  the  initial  romlitions. 
the  velocity  is,  in  general,  discontinuous  across  r  =  0,  and  the  sr-ries  solution  (8.  Hi)  ccuitaiiis 
spurious  delta  functions  at  r  =  0  tliat  violate  the  criteria  (8.17)  and  do  not  satisfy  the 
ocjuation  of  rectilinear  motion  (8.6). 

The  first  two  tcrni.s  in  the  brackets  ol  (S.Ui)  can  also  be  iound  ficnn  the  pre-arc  I'lei at icni 
solution  (8.15)  by  (‘Xpanding  the  r-xleriial  lorce  F, j-ii’’'  f  t"')  in  a  laylor  series  alcont  the 
present  time  r,  so  that  integrating  term  by  term  yields  [dl.  11] 
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However,  this  ex|)ansion  (8.48)  of  the  pre-acr (deration  inlegial  in  (8,15)  (hjes  not.  in  general, 
yield  a  valid  asymptotic  .series  solution  to  (8.6)  beyond  the  first  term  in  tin'  summation  of 
(8.18)  because  (8.15)  was  derivi'd  from  the  e(pialion  of  motion  (8.6)  by  neglecting  'elf-foreo 
terms  ol  order  a-’.  In  otlier  words,  the  (A(<i^)  terms  in  (8. 18)  are  not  ('(pial  to  t  he  (}((/■  i  terms 
in  (8.46). 

It  should  also  be;  noted  that  the  power  seric's  solution  (8.48)  converges  to  the  pre- 
acceleration  solution  (8.15)  for  t  >  0  but  not  for  r  <  0.  I  he  reason  for  this  di.screpancy 
between  the  series  solution  (8.48)  and  the  exact  solution  (8.15)  to  (8.6)  with  the  0{a^)  terms 
omitted  is  that  +  r')  cannot  be  expanded  in  a  Taylor  series  about  r  <  0  for  all  t'  >  0 

because  Fei((r)  is  identically  zero  for  r  <  0. 

When  the  external  force  becomes  zero  after  it  is  applied  for  a  finite  timi'  interval,  tlie 
power  series  solution  (8.46),  like  the  pre-acceleration  .solution  (8.15).  ])roduc('s  the  same 
final  velocity  that  would  be  produced  if  the  radiation  reaction,  the  V"  term  in  (8,b).  were 
neglected.  Also,  like  the  pre-acceleration  solution,  the  efh'ct  of  the  radiation  reaction  on 
the  power  series  solution  for  the  velocity  function  V,  during  the  time  the  extc-rnal  forte  is 
applied,  approaches  zero  as  as  the  radius  a  of  the  charged  sphere  approaches  zc.o. 

Indeed,  the  motion  of  the  charged  insulator  should  be  determined  solely  by  the  convt'iUional 
momentum,  m„c/(7u)/c/(,  as  the  radius  of  tlie  shell  approaclu's  zt'rcu  since  the  mass  m,, 
becomes  infinite  while  the  radiation  reaction  term  remains  finite  as  the  radius  a])|)roarhes 
.:ero.  As  long  as  remains  finite,  however,  it  is  emj>hasize(|  that  these  results  (h;  not 

imply  that  the  radiated  momentum  and  energv 

- - r  /  ~)'AFu{t)<U  and  - -  /  |8..p)') 

(ircoe’  Jo  <)-(,)(•  Jo 

respectively,  for  Ihe  power  series  solution  ol  the  charge<l  msulatm  m  rci  tilinear  mol  inn.  ap 
proach  zero  as  the  radius  a  apiiroaches  zero.  (.\ole  that  with  the  |>ower  series  solution  I's.  Hil. 
because  there  is  no  pre-acceleration,  the  radiated  m<,(mentum  (merg}'  (8.1b)  is  determinefi  b\' 


integrating  the  time  rate  of  cliange  of  radiated  momentum  energy  starting  at  the  time  t  =  0 
when  the  external  forre  is  ai)i)lied  rather  than  at  /  =  —  dc  as  in  (8.17)  for  tlu'  pre-acceleration 
solution  (8.15).  The  difference  is  negligible  for  a  charged  sphere  with  a  radius  equal  to  the 
classical  radius  of  the  electron.) 


8.4  Power  Series  Solution  to  General  Equation  of  Mo¬ 
tion 

.A  series  solution  in  powers  of  </  to  the  general  efpiation  of  motion  lor  the  charged  insulator 
can  be  found  by  ignoring  the  correction  function  ;/(.s)  in  (8.35),  so  that  (8.35)  becomes 
identical  to  (7.1),  which  has  the  thrcv- vector  form  (7.r2a) 
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•An  iterative  procedure  can  be  used  to  determine'  the  power  series  soluiic:)n  to  (8.50)  (that 
is  valid  except  near  t  =  0  wIk'u  the  c'xternal  force  is  first  applied).  Begin  by  integrating 
(8.50)  with  respect  to  /.  to  find  the  solution  to  *;U  as 
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or.  solving  for  u(/)  alone 


wher' 


U  ill  = 


i(n 


V^l  +  /‘V)/r* 


=-  +  0(a) 


(8.5!b) 


1(1)  = 


lltr 


fF.Mndt'. 

Jo 


(8.51() 


Siilist  It  lit  ing  u  from  tS.olb)  into  the  raciiation  reactit^tn  terms  on  the  right  side  of  (8.50). 
rTiaking  use  of  (8.51c).  and  < olh-ct  ing  terms,  one  gets 
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The  first  two  terms  of  the  power  series  solution  for  u  can  l)e  found  by  integrating  (8.')J)  with 
respect  to  i,  to  obtain 
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Again,  a  sufficient  condition  for  the  O(a^)  terms  in  (8.")3)  to  be  negligible  at  any  particular 
time,  is  for  the  externally  applied  force  to  satisfy  the  inequalit it's  in  (S.17). 

For  rectilinear  motion  of  the  chargf'd  sphere,  (S.');})  reduces  to 


qti  —  -  f  F )dl'  +  - -  /  'll Ffj-t(t')dl'  +  ()(ii^)  .  (S.)li 

niea  Jo  •htii^^  Jo 

(Equation  (8.54)  is  easily  proven  by  expressing  d(q//-’„,)/d/  in  (8.52)  as  ') iF\^i->r 1 J c^~; iin,  ^ 
for  rectilinear  motion.)  The  equation  (8.54)  can  be  shown  to  agrf-e  with  the  previous  [>o\ver 
series  solution  (8.46)  for  the  equation  of  rectilinear  motion  as  fidlows.  From  the  definitions 
(8. lb)  and  (8.5) 


—  =  .osh(v/a^ 


dV 

'dr 


(8.55) 


Taking  the  derivative  of  V  in  (8.46)  with  respect  to  proper  time  r,  inserting  it  into  (8.55). 
and  changing  the  proper  time  to  ordinary  time  via  (8.1c).  produces  the  equation 


dj'ru) 

dt 


t  txt 

J/lfs  -iemes  dt 


+  O(a^)  . 


(8.56) 


.After  inserting  ti^  from  (8.51b)  into  q  to  show  that  q  =  q/  +  62(a),  integrate  (8.56)  with 
respect  to  time  to  convert  (8.56)  to  (8. .54):  QED. 

The  pow'cr  series  solution  (8.53)  is  not  very  useful  if  the  externally  applied  force  is  a 
function  of  the  velocity  of  the  charge,  for  example,  when  an  exliu  nal  magnet  ic  field  is  ajipliiHl. 
because  (8.51c)  does  not  give  an  explicit  expression  for  I(/)  wdien  F,j.(  de|)('nds  on  the  velocity. 
In  the  case  of  a  magnetic  field  Benf/)  applied  to  a  negative  charge  (denoted  by  in  this 
section  and  the  following  subsection  8.4.1) 


F,j.,  =  -tux  B„, 


we  can  expand  qu  in  the  equation  of  motion  (8.50)  in  the  power  series 

qu  =  Q!  -f-  /3a  d"  O(a^)  . 

From  (8.58)  the  power  series  for  q  and  u  are  found  to  he 


and 


q  =  qn  (  1  +  “T-y"  1  +  62(a^' 

c  hi 


u  = 


.  (a  •  3)oc\ 


+  (Huh 


(8.57) 

(8.58) 

(8.5!)a) 
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(s.5f)l.) 


vvitli 

=  yrToV^  .  (8.5!)c) 

taking  the  time  derivative  of  u  in  (8.59b)  to  oljtain  u,  and  substituting  7,  u  and  li  into 
(8.50)  with  the  external  force  from  (8.57).  one  gets  the  equation  of  motion  in  the  form 


oc  +  a 


(a  ■  (3)a 

o  9 


(“■ 


^  .  •  4a 

X  ^  Q  +  a(3  -  — 
.ic 


(a  oc]^ 


aKOfa"*)  . 


(8.60) 


Equating  like  powers  of  a.  (8.60)  divich's  into  an  infinite  series  of  equations,  the  first  two  of 
which  are  ^ 

- a  X  =  7,„a  =  -j-hoOt)  (8.61a) 

ju,.,  at 


a  _ 


(8.611)) 


(  1  he  second  c'quation  in  (8. Ola)  results  from  taking  the  dot  product  of  a  with  the  first 
equation  to  show  that  a  •  a  =  0  and  thus  a  and  7,,  are  constant.) 

Eciiiation  (8.61a).  which  is  merely  the  equation  of  motion  without  the  radiation  reaction 
terms,  detc-rmines  a.  Equation  (S.6lb)  determines  (3  when  a  is  substituted  from  (8.61a), 
that  is.  (8.61b)  determines  the  perturbation  in  the  motion  of  the  charge'  caused  by  the 
radiation  reaction.  (Note  tlial  the  Scliott  acceleration  is  included  in  (8.61b).) 


8.4.1  Synchrotron  radiation 

Let  us  sedve  equations  (8.61  )  for  the  s[)ecial  case' of  the  charge  moving  in  a  imiform  magnetic 
field 

B.j-,  =  Hoi  (8.62) 

where  Bo  is  a  constant.  1  nder  the  assumption  that  the  velocity  of  the  charge  is  zero  in  the 
^-direction,  the  solution  to  (8.61a)  c  an  be  writtc'u  in  jcolar  coordinates  (r,  0)  as 

a  =  <\0  (8.68a) 


where  0  is  a  constant  related  to  the  initial  speed  ito  —  ntj  —  0)  cd  the  charge  by 


ct 


7,.''()  ■= 


(8.631)) 


We  aUii  ha\e  from  (.S.()li!  j  m 


.a 


o'/y; 


6.S 


(8.61a) 


and 


7-(-,.a)  =  - j-a 

which,  when  inserted  into  (S.hlh),  produces  the  equation  of  motion  for  /3 


< U) ) 


f  5 


X  li«i  =  - 

■K'tttf, 


Fake  the  scalar  and  vector  products  of  (S.h'))  with  a  to  get  the  ('(piatituis  of  motion  for  the 
0  and  r  components  of  /3 

(Lid  -4c^/i^7,.o 

77  - 


dt  ^ 

The  solution  to  (8.66)  after  a  time  /  is  simply 

ij  =  -ie^B^uo 
^  :{m^,c(l  -  u^/c^) 


( >.66 a) 
I  S.fitll)  I 


(JS.hTa) 

(8.67h) 


where  a  and  7^  have  been  written  from  (8.63b)  in  terms  of  tin'  initial  speed  Uq. 

With  a  and  /3  from  (8.63)  and  (8.67)  substituted  into  etjuations  (S.59)  for  u  and  * .  wc 
find  that  the  energy  (W)  and  velocity  of  the  charge  as  a  function  of  tinu-  are 


W  =  = 


(1  —iillc^yB  [  67rf^)mi?3c'‘(  1  -  uljc^yl^ 


u  =  Uo 


g  ^  -  uHc^yB  ^  f^'Blul  B 

b-tocbn^,  hTTfo?";'/'’  ‘2 


+  0(«') 

(8.68) 

+  0{n') 

i8.G9) 

where  the  radius  a  in  (8.68)  and  (8.69)  is  written  in  terms  of  the  mass  no,  by  means  of  (2.3). 

The  instantaneous  radius  of  curvature  of  the  trajectory  of  the  charge  is  .lot  given  bv 
the  initial  radius  of  curvature  plus  the  integral  over  time  of  the  radial  velmity  in  (8. tilt). 
This  is  because  the  center  of  the  radius  of  curvature  does  not  remain  at  its  initial  jiosition. 
the  reference  position  for  the  polar  coordinates  of  the  velocity.  The  instantam'ous  radius 
of  curvature  11(1)  can  be  found  from  the  general  formula  for  the  radius  of  curvatur*'  of  a 
particle  moving  in  a  plane 

R(t)  ^  - q  .  (8.70) 

u  X  u 


(i9 


With  u  and  ii  from  (8.69)  or  (^.•')9b)  inserted  into  (8.70),  we  find  tiie  instantaneous  radius 
of  cur\atur<‘.  of  the  charge  moving  in  a  plane  [)erpendicular  to  a  uniform  magnetic  fiehi.  to 


1 - 


!  -  Uo/c^)’/- 


(8.71a) 


where  TZq  is  the  initial  radius  of  curvature 


r>  /I  •  I  “o'"f 

Ru  =  no/|a|  =  - - 


cH,(l  - 


(8.711. 


Note  from  (8.68)  and  (8.71  j  tiiat  th<‘  fractional  change  in  energy  and  radius  of  curvature 
per  unit  time  are  ai.proximately  ecpial  when  the  speed  of  the  charge'  is  approximately  equal 
to  the  speed  of  light  -  in  agrex'ment  with  Shen’s  results  [42].  The  expression  (8.68)  predicts 
an  energy  loss  per  revolution  (/  =  27r7vo/uo)  that  agrees  exactly  with  Plass's  result  [41,  eq. 
147],  and  approximately  with  Schwinger’s  results  [4.3,  eep  1. 10]  when  the  speed  of  the  charge 
equals  approximately  the  spex'd  of  light  (and,  of  course,  when  rn^,  is  replaced  by  the  mass 
of  the  elect ron ). 


8.5  The  Finite  Difference  Equation  of  Motion 

It  was  shown  in  Section  8.2  that  if  the  evaluation  of  the  self  electromagnetic  force  is  done 
properly  near  the  time  the  external  force  is  first  a[)plied,  a  correction  function  t/(s)  must 
multipl}  the  radiation  reaction  in  (he  ecpiation  of  motion.  Remarkably,  this  slight  modifica¬ 
tion  r'siiovc's  the  pre  accelerat ion  from  the  solution  to  the  unrorrccted  ecpiation  of  motion. 
Power  series  solutions  obtained  in  Sections  8.!1  and  8.4  to  th<*  original  uncorrected  ecpiation 
of  inotioii  also  c'liminate  the-  jue-acceleration,  btit  at  the  expense  of  introducing  spurious 
delta  lunctions  that  do  not  satisfy  the  equation  of  motion  at  the  time  the  external  force  is 
first  applied. 

Through  the  years  a  nunii.er  of  other  methods  have  been  proposed  to  eliminate  the  prc'- 
acccleration  that  arises  in  the  solution  tv)  the  original  uncorrected  ecpiation  of  motion  (7.1) 
[14-48].  However,  none  of  these'  altc'rnative  inc'thods  have  bc'en  entirely  successful  because 
they  either  eliminate  ci  pnnn  all  clerivatives  of  acceleration  [46-48],  or  they  sum  infinite  series 
expaiislons  (hat  neglect  nonlinear  teiiiis  [44.45].  I'hc'.se  latter  methods  [44,15]  that  have  bc'cn 
].roposed  to  eliminate'  the'  pr<’  ace  cle'vat ion  or  runaway  solutions  from  the  e-epiation  of  motion 
involve  determining  e'xplicitly  the  infinite'  series  of  fRci)  terms  in  the  si'lf  ('iectromagnetic 
force  in  (  3..3)  e.f  the  men  ing  charged  in.siilator  of  radins  n.  .Specificall v.  i’agi'  [14]  wrote  down, 
w  ithout  she.wing  tfie  ileriwit  ion.  this  infinite'  serii's  and  summc'd  it  in  closed  form  to  revc'al 
that  the  self  elect roni.ianet  ie  loK  e'  iu  the  prope-r  frame  e.f  ri'fe'rc'nec'  e.f  the  charge  can  be 
exj.resse,.!  a-' 

;  - —III/  —  2</ 'c),  //  —  0  (8.72ai 
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or,  in  an  inertial  frame  in  which  the  charge  is  moving  with  nonzero  velocity  much  less  than 
the  speed  of  liglit,  as 

^ee{i)  =  -r7, - ^[u(/ -  2a/c)  -  u(0].  (i//c)'^  <  1  l8.72h) 

liTrcofl  c 

provided  all  nonlinear  terms  involving  products  of  the  tinn  derivatirts  of  the  velocity  art 
neglected  and  the  correction  function  //,  derived  in  Section  S.J.  is  ignortd. 

Equations  (8.72)  can  also  be  found  by  discarding  all  but  the  first  serit's  in  the  double 
infinite  series  that  Schott  [49]  derived  for  the  self  electromagnetic  force  on  the  noiicontracting 
sphere  (Abraham’s  nonrelativistically  rigid  model  rather  than  Lorentz’s  relativist ically  rigid 
model  of  the  electron).  The  infinite  number  of  discarded  series  involve  nonlinear  products 
in  Schott’s  expression  that  would  change  for  the  relativist  ically  rigid  model  of  the  electron: 
however,  the  linear  first  series  is  the  .same  for  both  relativistically  and  nonrelativistically 
rigid  models  of  the  electron.  (  A  simple  proof  of  (8.72)  is  given  in  .Appendix  D.) 

When  the  self  electromagnetic  force  (8. 72b)  is  used  in  tlu'  derivation  of  the  ('([nation  of 
motion  given  in  Chapter  •'),  we  obtain 

( ^ 

Fexl{0  =  +  A^o)U  "  TT^ - “  IM/)].  [ujcf  «:  1  (8.78) 

for  the  nonrelativistic  eejuation  of  motion.  .Again,  the  noidinear  i)roduct  tc'rms  have  Ixxni 
neglected  in  (8.73),  and  the  negative  bare  mass  A/o  is  giv<'n  as  ~rnfs/'i  in  (5.11).  (If  the  bare 
mass  were  omitted  in  (8.73),  the  rest  mass  of  the  charged  sin'll  would  not  e([ual  +  nus-) 
The  relativistic  generalization  of  the  finite  difference  e(|uation  (8.72b)  has  been  derived  by 
Caldirola  [45]. 

Notwithstanding  the  appealing  simplicity  of  the  finite  difference  eejuation  (8.73)  and 
its  relativistic  generalization,  there  is  little  justification  to  accept  them  as  valid  e(|uations 
of  motion  that  are  accurate  beyond  the  usual  radiation  reaction  terms,  since  (8.72)  and 
(8.73)  neglect  all  nonlinear  product  terms  (involving  ch'rivat ivf's  of  velocity),  which  are  not 
necessarily  negligible  for  the  Lorentz  mod('l  of  the  electron  lu'vond  the  li  radiation  reaction 
term. 

It  can  be  shown  that  the  nonlinear  and  linear  parts  of  the  self  elect romagin't ic  force  are 
both  zero  for  certain  radiationless  motion  of  a  nonrelativisticatly  rigid  spherical  shell:  namel\. 
when  the  shell  oscillates  with  an  amplitude  smaller  than  its  radius  and  a  period  equal  to 
2a/c  [50-52].  These  radiationless  oscillations  with  the  sc'lf  ('h'cf  romagnetic  force  (8.72)  equal 
to  zero  would  not,  in  general,  be  self  sustaining,  that  is,  would  not  equal  zero  in  (8.73) 
except  for  the  special  case  of  -t-  equal  to  zero.  (For  l.orentz's  relativistically  rigid 
model  of  the  electron.  Pearle  [52]  has  shown  that  bounded  radiatiotdt'ss  motions  do  not 
exist.) 

The  work  of  Ilerglotz  [34]  and  W  ildermut h  [35],  discnss('d  in  Section  8.2.  would  suggest 
that  the  finite  difference  (lineariz<'d)  e(|uation  of  motion  (8.7-31  does  not.  in  gc'iu'ral.  ('liminatc' 
the  pre-acceleration,  that  is,  runaway  solutions  for  I  <  0,  I'liis  c.ui  be  provc'ii  lor  rc'ct iliiu'ar 
motion  by  letting  the  velocity  in  (8.7-3)  haveexp((//)  time  dc'ix'udence  when  is  ^et  ecjual 
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to  zero.  I  he  equation  that  results  tor  r/,  wlien  tiu'  luatr'rial  iiias.s  (jf  the  lustilator  is  negligible, 
is  then 

1  -  (S.71) 

2c 

which  has  the  positive  real  solution 


2(1  -  5(:“')  t 
1  -  le--*  'a 


1.90-  . 
a 


(8.75) 


(If  the  ina.ss  of  the  insulator  is  not  negligible',  tin-  equation  for  q  also  has  a  real  positive 
solution  provided  a  is  small  enough  for  the  value  of  A/q  to  be  negative.)  This  failure 

of  the  iinitf'  difference  equation  ot  motion  (8.73)  to  eliminate  the,’  homoge'iu'ous  runaway  solu¬ 
tions,  for  f  <  0  as  well  as  /  >  0  (so  that  pre-ace eleratiori  will  still  arise  when  the  asymptotic 
condition  (8.11)  is  applie-d),  coupled  with  the  fact  that  the  finite  difference  equation  (8.73) 
negh'cts  all  nonlinear  terms  involvieig  products  of  the  tiine’  derivatives  of  velocity,  leaves  lit¬ 
tle  re'ason  to  prefer  (8.73)  (err  its  relativistic  gein-ralization )  to  the  eejuation  of  motion  that 
simply  ne’glects  the  0((i)  te-rms  in  (7.1).  Morf'over,  like*  (7.1)  the  finite  difference  equation 
of  motion  (8.73)  rn'gler  ts  tin'  (orn'ction  function  ;/(.s)  in  the  rigorously  derived  equation  of 
motion  (8.35).  And,  as  Section  8.2  shows,  it  is  this  small  but  importani  correction  to  the 
conventional  equation  of  motion  that  eliminates  the  noncausal  pre-acceleration. 


8.6  Higher  Order  Terms  in  the  Power  Series  Solution 

The  first  two  terms  of  the  power  seric's  solution  to  the  equation  of  motion  (7.1)  (which  is  the 
same  as  the  correct<'d  ecjualion  of  motion  (8.35)  when  the  r/  correction  function  is  omitted) 
have  been  derived  directly  from  the  equation  of  motion  (7.1),  and  indir<*ctiy,  for  rectilinear 
motion,  from  the  pre  <n  celerati<jn  solution  (8.15).  Of  course,  the  lirst  two  terms  of  the  power 
series  solution  can  also  be  lotmd  by  e.xjjanding  the  u(/  —  'la j r)  jjart  of  the  finite  diffc'rence 
equation,  of  motion  (>"'.73)  in  a  l.ivlor  series  abmit  /. 

It  may  ■>eem  .ip[)ro|)i  iate  at  this  point  to  find  the  ne.xt  term,  that  is.  the  third  term  in 
the  power  -cries  soluti(ui  to  I  h<’  i  qualion  of  moti(.)n.  Oiu-  would  begin  by  finding  the  third 
terms  (linear  and  non!in<’ai  term-  multlpii>'d  iw  u)  in  the  seif  electromagiK'tic  force  of  the 
relativ  istically  rigid  Oiarged  sphere  in  the  manner  that  the  l/u  and  radiation  reaction  terms 
were  derivecl  in  .Appe;nli.\  H.  .Although  this  could  be  done,  it  would  be  ,a  fut ile  exercise  in 
the  case  of  tin’  rdectron  because  Shen  153]  has  shown  that  the  elTect  of  including  terms  in 
the  eciuatioii  of  rncgion  of  the  eleitiou  tx’Vond  lh<'  radiation  r<’action  t('!'ms  is  to  introduce  a 
change  lliat  is  r'/fic  =>  l/bl7  o!  that  intioduced  b\  (juantmn  effects. 


8.7  Renormalization  of  the  Equation  of  Motion 

1  he  power  -(’ries  soli i ’  ions  ; ii  Sc.  t  h  ui-  iS.3  -  S.5  w< -re  dc  rived  from  t  lie  e(|u,’,t  ;on  of  mot  ion  (7.1  ) 
1' )!'  t lie  (  harged  insulator  mode!  of  t  he  eie<  t ron.  It  was  shown  that  I  lies-, ■  j'c>w er  serie-  sol ut  ion- 


contain  delta  functions  in  the  acceleration  and  higher  derivatives  of  velcK  ity  that  violate  the 
equation  of  motion  (7.1)  at  the  initial  time  t  =  0  when  the  external  force  is  first  applied.  More 
importantly,  we  found  the  fundamental  reason  why  both  the  powcT  series  solution  and  the 
exact  pre-acceleration  solution  to  (7.1)  do  not  give  the  correct  solution  for  the  motion  of  the 
charged  insulator  near  t  =  0.  Namely,  a  scalar  function.  multi])lying  the  radiation  reaction 
for  a  small  yet  important  time  interval  (0  <  <  •^2fl/c)  was  overlooked  in  the  derivation  of 
the  original  equation  of  motion  (7.1).  When  the  derivation  is  done  properly,  the  corrected 
eejuation  of  motion  (8.35)  emerges  instead  of  (7.1).  Moreover.  Section  8.2  sliovvs  that  the 
solution  to  the  corrected  equation  of  motion  (8.35),  under  tlu'  asymj)totic  condition  of  zero 
acceleration  for  zero  external  force  as  /  approaches  infinity,  satisfies  given  initial  conditions 
on  velocity,  and  is  free  of  noncausal  p re- acceleration  or  s[)urious  behavior  at  t  =  0. 

Equation  (8.35)  emerges  as  the  correct  covariant  equation  of  motion  of  the  charged  in¬ 
sulating  sphere  of  radius  a  (with  rn,n,  —  0)  when  the  external  force  is  zero  for  t  <  0  and  an 
analytic  function  of  f  for  <  >  0.  However,  this  charged  sphere  is  obviously  not  a  valid  classical 
model  of  the  electron,  if  the  electron  is  assumed  to  be  a  point  charge,  because  the  electro¬ 
static  mass  of  the  charged  sphere  approaches  an  infinite  value  as  its  radius  a  approaches 
zero.  If  the  mass  is  “renormalized”  to  the  finite  value  of  the  mass  of  tlx'  ('h'ctrou  as  a 
approaches  zero,  the  0[a)  terms  in  equation  (8.35)  vanish  and  (S.35)  becomes 
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(8.76) 


Equation  (8.76)  is  identical  to  the  Lorentz-Dirac  renormaliz.i'd  eciuation  of  motion  for 
the  point  electron  [10],  except  for  the  correction  function  7/u(  s)  that  multiplies  the  radiation 
reaction  terms  of  (8.76).  (As  usual,  it  is  assumed  that  the  extiTiial  force  is  ai)plied  at  .s  =  0 
and  is  an  analytic  function  of  lime  for  .s  >  0.)  The  function  //o(.s)  in  (8.76)  is  equal  to  the 
function  r/(s),  defined  below  (8.35),  as  the  radius  a  approaches  zero.  I'lu'  value  ot  7/u(.s)  is 
zero  for  s  <  0,  unity  for  s  >  2a,  and  (8.-32)  shows  that  it  ajiproaches  zero  like  .s*  or  faster  as 
,s  approaches  zero  from  the  positive  (right)  side. 

The  behavior  of  the  solution  to  (8.76)  can  be  determined  from  the  n'sults  of  Section  8.2 
In'  letting  the  value  of  a  in  7/o(a)  be  arbitrarily  small  yet  nonze-ro.  For  rectilinear  motion, 
the  change  of  variables  at  the  beginning  of  Chapter  8  reduces  (8.76)  to 
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The  solution  to  (8.77)  for  the  acceleration  V'  is  givtui  in  (8.37)  with  •U/la  rcjilaced  by 
fiTTfomfC'^/e^  and,  of  course,  replaced  with  rUr-  Specifically,  the  acieleration  V'  is  zero 
for  r  <  0;  it  equals,  as  shown  in  (8.10),  at  r  =  0;  and  for  r  >  2a/c  the  ''olution 

is  given  in  (8.38),  tliat  is 


(r)  =  r  /■;.,(  r  +  r'),  '-'/'C/r'.  r  >  2a/c 

Jo 


V' 


s ,  i  y  a ) 
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Since  is  an  analytic  function  of  r  for  r  >  U,  russuine  /'ext('’"  +  F)  can  be  expanded  in 

a  power  series  about  r  to  recast  (8.78a)  in  terms  of  the  time  derivatives  of  the  force 


M'/. 


1  ^  / 


(8.78b) 


Between  r  =  0  and  r  -  '2a/c  lire  acceleration  rises  smoothly  from  the  initial  valur  oi 
•‘*er((0)/n7*  to  its  Value  in  (8.78)  at  r  =  2a/c.  .\s  the  radius  of  the  ctiarge  approaches  zero 
the  change  in  acceleration  betwc'en  r  =  0  and  t  =  du/e  =  O’*  becomes  increasingly  abrujil. 
because  V’'(0'*')  as  given  in  (■'^.7>') 


V'(0+)  =  — 


r--  2a/c  =  0+ 


(8.79) 


does  not.  in  general,  equal  the  initial  vahie 


V'(!)) 


/Vxi(O) 


>>‘c 


(8.80) 


( It  is  assumed  that  )  i^^  a  cont  iintous  function  from  t  he  right  at  r  -  0  so  that  Fej:t{0^ )  - 

FfTt(0}.}  This  rapid  rise  in  acceleration,  to  a  value  different  from  F,j.((0)/m«.  immediately 
after  the  external  force  is  a|)plied  is  a  cons<‘quence  of  renormalizing  the  mass  of  the  charge  as 
its  radius  shrinks  toward  zero  .Nonet lu'less.  this  rapid  change  in  acceleration  does  not  violate 
the  renormalized  equation  of  motion  (8.70)  because  of  the  function  r/of-s)  multiplying  the 
radiation  reaction.  .Mso.  the  velocity  of  the  charge*  does  not  change  during  this  acceleration 
bi'twee’u  r  —  0  and  r  =  2u/c  -  O'*'.  If  the  velocity  is  zero  for  r  <  0,  then 


V(U!  -  V(O^)  -0  . 


In  summary,  the  renorm<di/cd  verskui  (8,70)  of  the*  corrected  eejuation  of  motion  (8.8.7) 
differs  from  the  Lorentz-Dirac  reiiormali/ed  equation  of  motion  for  the  jioint  electron  by  the 
correction  function  multiplying  the  railiation  re'actimi.  This  small  diffc'ience  allows  a  solution 
to  the  renormalized  eeiuatiou  of  motion  for  tin*  I'oint  electron  that,  like*  the  solu'ion  to  tin* 
corrected  erpiation  of  motion  (8.8'))  for  the  extended  electron,  is  free  of  pre-acceleration.  I'lie 
initial  veloc  ity  of  tlie  |)oiiit  elec  tron  can  be  chosc*n  zero.  However,  the*  acceleration  times  the* 
rc'normalized  mass,  at  the  limiiinglv  small  time  (r  —  l)"^)  aftc-r  the  exiemal  force  is  applied, 
does  not  ec|ual  the  externally  appliecj  force  .  as  it  doc's  for  the  cxtc'iided  c  lection,  but  dc'ireinf^ 
on  the  initial  values  oi  the  time  dc'iivat ivos  of  the  exlc-rnal  force  as  well. 

In  principle,  tin  validity  cT  the  retiormaliz'  cl  c'cpiat ic.-n  of  motion  (y.7t))  for  describing  the 
classical  motion  of  an  elec  t  rou  oaihl  be  !c*ste'd  by  cleiei  mining  expe-riment  .illy  whether  the* 
accc'lei  at  icui  of  an  elcctrcai.  imm<cli.itelv  alter  tlie  external  force*  is  apolic  d.  defjended  u[)oii 
the*  initi.d  time  derivatives  of  tin*  applii-d  fc)r<  c*  as  preclic-ted  m  (8.7!)).  In  practice*,  it  is  ikj' 
feasildc  to  detect  the  cxtivn.ely  s;na!!  coc*ffiric*nt ,  c  ,p)/,.c'  10“^’  sec  >nds  (ecjiial  to  itn* 

t  ime*  it  t  akes  light  to  l  ra  .-ctsc*  the  'las',;  cal  raclm.s  of  the  elc*et  con  i.  mill  i  n  'lying  t  h**  deri  v.it  i  vc's 
oi  the-  applied  fov'c*. 


Fundamentally,  renormalization  of  the  mass  of  the  charged  spher('  as  its  radius  shrinks  to 
zero  is  an  attempt  to  extract  the  equation  of  motion  of  the  {)oint  electron  from  the  equation 
of  motion  of  an  extended  charge  distribution.  Such  attempts,  as  Dirac  wrote  !.")lj.  "bring 
one  up  against  the  problem  of  the  .structure  of  the  electron,  which  has  not  yet  received  any 
satisfactory  solution." 


Appendix  A 


DERIVATION  AND 
TRANSFORMATION  OF 
SMALL- VELOCITY  FORCE  AND 
POWER 


III  this  a|)p(‘n(lix.  w(>  clrrivc  thf  |)n>|)<'r-lrant<‘  i-cjuation  of  motion  (•5.3)  and  the  small- 
vt'lo('it\  I.oronlz  power  e(|iialion  of  motion  ei.  I )  directly  from  the  self  electromagnetic  forr<' 
and  power  integrals  of  the  s|)h<'ric;d  shell  of  <harge.  We  then  transform  (3.3)  relativistically 
to  obtain  the  force  equation  of  motion  (2.1 )  for  arbitrary  velocity.  A  relativistic  transforma¬ 
tion  of  (3.1),  however,  leads  to  the  erroiuxrus  result  (3. .5)  for  the  power  equation  of  motion 
rather  than  the  power  <'quation  of  motion  (2.3).  We  also  show  that  (2.4)  docs  not  transform 
covariantly,  thereiA'  coniirming  that  the  general  power  equation  of  motion  (2.-1)  i.s  not  pro- 
fiuce<l  b\'  a  relativistic  transformation  of  the  siiiall  vcdoeity  power  e(|uatic>n  of  motion  (.3,1'; 
see  Sect  ion  .3. 1 . 

Lorentz  [3l  and  niimeron.s  modern  physics  te.xts,  su<h  as  [1  1,  15b.  .3lj.  have  derived  tin 
Lorentz  force  equation  of  motion  (3.3)  in  the  proper  (instantaneous  rest)  frame.  But  none, 
as  far  as  I  am  aware,  have  directly  deriverl  the  small-\<*iocity  power  ecpiation  of  motion 
(3.1).  because  it  requiies  taking  into  account  the  variation  of  the  velocity  over  the  charge 
distribut  am.  Of  cijurse.  (3.1)  could  beolrtaiiied  l)y  letting  u/c  become  much  less  than  unity 
ill  the  general  power  equation  >>1  motion  (2  1).  which  w,i.s  rigorously  (huived  by  Schott  [i3j. 
(,-\s  di'.cussrd  in  .Seel  Ion  3,  .Srhoi  Is  ini(>!essive  derivation  is  so  involved  and  lengthy  tha*  it 
discouraties  a  detailrci  re  (  x.iunnat  .on.  I  bus  vve  provide  an  alU'imative,  simpler,  vet  rigorous 
derivat  ioii  (vf  the  general  force  and  |ii.wer  e(]uations  o!  motion,  (2.1)  and  (2.1).  in  .Appendix 

B.) 


A.l  Derivation  of  the  Small- Velocity  Force  and  Power 

A. 1.1  Derivation  of  the  proper-frame  force 

The  self  electromagnet ie  force  on  tlie  splierieal  stiel!  of  eiiargc  in  its  pia^per  (inslaniaiKvns 
n'st)  inertial  frame  of  reference  can  be  expressec!  by  the  Lurcntx  force'  integral  in  (:5.1  )  with 
u(r,  <)  =  0  ,  that  is 

Ffr(f)  ~  /E(r,  t)f/c,  (A.ij 

J  chtirgr 

where  the  element  of  charge  p{r.t)d\'  in  (3.1)  is  relabeicei  di  in  (.X.l).  riie  self  electric  field 
E(r, t)  on  the  charge  de  at  position  r  is  produced  by  the  la'iiiainder  of  the  charge-  in  the 
spherical  shell.  Specifically,  the  charge  dr'  at  the  position  r'(/)  preahues  an  e-lectric  field 
c/E(r,  t)  given  by  [1 1] 


dE(r,0  = 


iKojl -R'.u/,|  LV 

,  1  [,  "'(C.r)]  L,  U(C./'| 


where  u(r',t')  and  u(r',/')  refer  to  the  velocity  and  acceleration  of  the  charge  <!(.'  at  the 
retarded  time 

li' 

(A. 31 

r 

that  is 


u(r',/')  = 


d'^r’it') 


The  vector  R'  is  defined  as  the  diffr-rence  fretween  the  {position  r  of  dc  and  the  position  r'(/') 
of  de'  at  the  retarded  time  t' 

R'  =  r~r'{t').  (A.ti) 

When  one  exj)ands  R',u(r',t'),  and  ufr'.t')  about  the  present  tinx-  /.  as  the  radius  of 
the  charge  shell  becomes  small,  one  obtains  the  following  power  s('ries  expansimi  of  (/E(r,t  ) 
in  (A.2) 


If  -  del  1” 


3R  u(r',/)  ,  3  (R  •  u(r'. t))‘  ■  2u(r'./t  1 

+  T - ^u(r',t)+  - - --d-—  +  I  A. 7) 

'1  C’  .S  c'  -i  c'  j 

with  R  =  r  —  r'( / ),  and  u( rh  t )  =  0.  Iscpiat  ion  ( ,'\.7 )  difb'rs  from  t  he  corresponding  ex pression 
in  [11]  where  the  dependence  of  R'  in  (.A.ti)  upon  the  retarded  time  is  itiiiored.  AL-o.  (,\  7i 


differs  from  the  corresponding  eqnation  in  [loh]  and  [31]  as  well  as  [11]  by  including  the 
spatial  dependence  of  the  acceleration  and  its  time  derivative  over  the  charge  distrilnition. 
Both  of  these  diff.-rences  vanish,  as  we  shall  s<‘e  below,  when  (A. 7)  is  integrated  over  dc'  to 
get  E(r.  1)  and  then  E(r,n  is  integrated  over  de  in  (A.l)  to  get  the  self  electromagnetic  force 
and  tlie  I.orentz  forct' ecjuat ion  of  motion.  The^t  diJlfeirncr.i:  do  not  vajiish  in  the  subseipit  nt 
derivation  of  the  self  electromagnetic  power  and  thus  cannot  bi  ignored  in  the  derivation  of 
the  power  equation  of  motion. 

The  acceleration  u{r\t)  of  the  charge  de'  at  the  position  r'{t)  can  be  written  in  terms  of 
the  acceleration  u(/)  of  the  center  of  the  shell  by  using  the  requirement  of  special  relativity 
that  the  spherical  shell  contracts  to  an  oblate  spheroid  (to  order  fi^)  as  the  speed  increas<‘s. 
Specihcally,  we  find  for  u(r',/)  =-  0 

u{r'J)  u(t)  -  — +  (A.8) 

c* 

and 

u(r',  t)  =  u(/)  +  0(/^)  .  (A. 9) 

Substituting  f.A.S)  and  (.A. 9)  into  (A. 7)  and  inti'grating  over  de'  gives  the  final  form  for 
the  sell  electric  field  at  (r,/)  in  terms  of  the  acceleration  (li)  and  the  time  derivative  of 
acceleration  (ii)  of  the  center  of  the  shell  of  charge 


E(r.n 


=  -!-/ 

1  o  J :haT'j< 


R  I 


u 


-  1 


(R  •  u)R  +  it 


+ 


3  R  r  -  .  , 

[(R  •  u)‘  -  |ul‘i  + 


8  c: 


1^] 

'  J 


3(R  •  u)u  2u  ^  ,  I  ,  / 

•  .iP  „  =  i.. 


(A, 10) 


.Next  insert  the  self  elect  ric  field  from  ( A.IO)  iitto  ( .A.  1 )  and  perform  the  double  integration 
ou-r  the  shell  of  c  harge  .All  lh<‘  tc-rms  with  an  odd  number  of  products  of  R  or  r'  integrate' 
to  /CIO  ancl  the  remaining  even  product  terms  integrate  to  give  the'  familiar  e.xpression  for 
the  self  elect romagnet ic  force  in  the  jiroper  frame'  of  rc'ference 


- +  ? - -ii  +  Ofa),  u  =  0. 


<i,a< 


67re„f 


(A.ll) 


hepniting  the  sutn  of  the'  externally  applied  force'  and  the'  self  electromagnetic  force  to 
zc'ro.  as  l.ore'iit/  did  in  his  original  work  [.3],  one*  obtains  the'  Lorentz  force  e'e|uation  of  motion 
i3.3)  in  the'  proiie'r  irame'  ot  t  lie  sjdic'ricai  shell  of  e'hargf'. 


A.  1.2  Derivation  of  the  small- velocity  power 

1  lie  penver  de'livc'red  to  the  mos  ing  c  liarge'  by  ttie  se'lf  e'h'ct  romagnc'tic  force's  within  the  charge' 
ili.'t ribii t  ion  is  givc'n  by  the-  e  hai  t’e  inle'gral  in  (.3.3),  nanu'lv 

^  fu(r.t)  ■E{r.t)de  (A. 12) 

7h 


where  again  t.he  element  of  charge  p(r,t)(lV  in  (3.2)  i.s  relabeled  as  (l(  in  (.A. 12).  l  lie 
velocity  u(r,  <)  of  the  charge  distribution  in  (A. 12)  is  arbitrary.  For  small  velocity.  u(r./  ) 
can  be  written  in  terms  of  the  velocity  and  acceleration  of  the  center  of  the  sludl  by  using 
the  information  that  the  spherical  shell  contracts  to  an  oblate  s[)heroid  (to  order  /F)  as  tiu' 
speed  of  the  charge  increases;  specifically 

u(r,0  =  u(/)  -  -“J--u(0  +  ()  .  I  A.13) 


Repeating  the  derivation  that  led  to  (A. 10),  with  sniall-velf)city  instead  of  zero  velocity, 
shows  that  (A.  10)  also  remains  valid  to  order  u^/c^,  that  is 


E(r,0  =  2-^/ 

iTTCt'i  Jci 


R  1 

+ 


drrco  J  charge 


u 


-  1 


R  u)R  +  li 


+2£[(R.u)>-|i.d  + 


3(Ru)u  2u 

J?  ^ 


+  0  -.R  dc'. 


(A.  11) 


Substitution  of  E(r, <)  from  (A. 14)  and  u(r, <)  from  (.A.13)  into  (.A. 12)  allows  to  Ije 

written  as 


P^f{t)  =  u(<)  •  / E(r,0(^c  - 

J charge 


p- 1 ! 

■iTTfo  J  charge  /?  C 


+0 


(A. 15) 


The  integral  of  the  electric  field  in  ( A.  15)  is  just  the  .self  I'lect  romagnetic  force  given  in  ( .A.  1 1 ). 
The  second  integral  in  (A. 15)  is  the  extra  term  that  arisi's  b(>cause  the  velocity  of  the  diarge 
distribution  varies  with  position  around  the  shell.  It  evaluates  to 


II 

dTTfo  J  J  charge  IPc,  2\tT 

The  self  electromagnetic  power  can  thus  be  written  as 


Pa{t)  =  u  •  FrdO  - 


2  ItTCqUC^ 


u  •  u  +  O 


(A.  16) 


(A.IT) 


or 


-5e' 


247rfoUC^  (»7rf,|r’ 


(A. IS) 


Setting  the  sum  of  the  power  delivi'red  by  tlu'  extiMiially  applied  force  •  ii  and  the 
self  electromagnetic  power  Petit)  ecjual  to  zero,  as  i.orentz  did  in  his  original  work  •!>.  (Uie 
obtains  the  power  eejuation  of  motion  (3.4)  for  (barge  shells  with  small  veha  ity  (ii‘^ /<  ■  1  ). 


A. 2  Relativistic  Transformation  of  the  Small- Velocity 
Force  and  Power 

As  (‘Xj)laiiied  in  Section  .'M  the  point  relativistic  transformations  do  not  necessarily  apply 
lo  the  inl('grated  force  and  power  that  comprise  the  right  sides  of  the  Lorentz  force  and 
power  equations  of  motion,  (3.3)  and  (3.4),  resp<'ctively.  'hhus,  it  is  not  mathematically 
rigorous  to  transform  the  small- vxdocity  equations  of  motion,  (3.3)  and  (3.4),  to  obtain  the 
corresponding  equations  of  motion,  (2.1)  and  (2.4),  for  an  arbitrary  center  velocity  of  the 
charge  distribution.  .Nevertheless,  a  relativistic  transformation  of  the  ])roper-frame  force 
equation  of  motion  (3.31  do(‘s  yield  the  general  force  equation  of  motion  (2.1);  whceea.".  a 
relativistic  transformation  of  the  small- velocity  |)OW<t  equation  of  motion  (3.4)  does  not  yield 
the  general  power  equation  of  motion  (2.4).  d'he  proofs  of  these  results  follow. 


A. 2.1  Relativistic  transformation  of  the  proper-frame  force 

Let  A  be  the  proper  inertial  reference  frame  in  which  <'quation  (3.3)  is  derived,  and  K'  be 
the  arbitrary  inertial  frame  in  which  the  velocity  of  the  center  of  the  charged  shell  is  u'. 
Thus  K  has  velocity  u'  with  r<'spect  to  A'.  Fapiation  (3.3)  can  be  divided  into  components 
parallel  and  perpendicular  to  the  vrdocity  u' 


F"  - 

i  .  rl*  — 


6T(or^ 


^  f  it  A-  2 

From  the  relati\’istic  transformation  of  forcr; 


F,'!,  =  Fl',, 


a  c 

^  _  iLh 

a  c 


0(u) 

+  Oia)  . 


(I  ( 


f'-*-  —  F-^ 

^  ,rt  -  ^  >Ttl  !  - 


u_i.  _  ^ 
a  c  J 
- 1/ 


+  0{a) 

+  Oia). 


(iTfoC^-)' 

1  he  rehiti\'istic  1 1 ansformal  ion  of  acceleration  and  its  time  derivativi 


(A.  19a) 


(A. 19b) 


(A,2Uaj 


(A.20b) 


tA.21a) 


u 


fj  f 

■ 


hi!  -  -''ill,  + 


Hi  y  n ^  H - ^  (ii  ■  u  )u 


■SO 


(A. 2  lb) 
(A. 22a  I 


(A. 22b) 


substituted  into  (A.20)  produce  the  c(iuations  in  the  aibiliarv  l\'  system 


f'"  = 

birtQC^ 


r  u  I  V  u  I  3v 


lUnI'u' 


+  0{a] 


iA.23a) 


f'-*-  =  — - 

6:rtoc2 


a  c  c' 


4-0(0). 


I  .\. 2.3b) 


Adding  (A. 23a)  to  (A. 23b),  combining  terms  and  r<-moviiig  the  luimes.  results  in  the  trans¬ 
formed  equation  of  motion 


tii 


d 

b-Kt^ac^  dl 


3v’ 


(7u)  -  - - ^  <  ii  +  -^(u  ■  u)u 


+ 


r 


u  •  u  4-  — r{u  •  u) 


u  >  4-  0(a) 


(A.21) 


which  is  identical  to  the  general  equation  of  motion  (2.1)  obtained  from  the  self  eleclnnnag- 
netic  force  calculated  directly  in  an  inertial  frame  in  which  the*  charge  has  ar!)itrary  center 
velocity  u. 


A. 2. 2  Relativistic  transformation  of  the  small-velocity  power 

In  an  inertial  frame  K  in  which  the  charge  has  limitingly  small  (cntc'i'  velocity  u.  we  have 
from  equation  (3.4) 


Fex(  '  a  — 


Gtreoc^  [do 


u  4-  0(o).  0  — »  0  . 


(A.25) 


In  the  K'  frame,  moving  with  velocity  —  u'  with  respect  to  l\  (as  it  approaches  zero),  the 
velocity  of  the  particle  is  u'.  Thus,  in  the  A'  frame  (A. 2.7)  becomes 


ext 
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5u 


GTrtof’^  Ida 


u 

cl 


u'  4-  0[a\ 


(A.2G) 


From  the  relativistic  transformations  of  Fp_,.,,u  and  ii  in  (A. 20a),  (A. 21a)  and  (.A. 22a).  we 
find 

F„,,  •  u' =  F:,,  ■  u'  (A.27) 


and 


.5u  ii 
la  c 


la 


Ui.ru 


u  . 


A. 24) 


Substituting  (A.27)  and  (A. 28)  into  (.•\.2())  and  rtmioving  the  primes,  we  obtain  tlu'  general 
power  equation  of  motion  (3. .7) 


corresponding  to  the  sinall-v<'locity  po\v<'r  equation  of  motion  (3.4).  Ihilike  the  transform!  d 
force  equation  of  motion,  (A. ‘2!))  is  not  identical  to  the  pc.'wer  eijuation  of  motion  (2.1j 
obtained  from  the  self  elect  romagrx'tic  pow«*r  (  alciilated  directly  in  an  iimrtiai  frame  in  which 
the  charge  has  arbitrary  center  velocity  u.  A.s  explained  in  Section  3.1,  we  cannot  rigorously 
apply  the  point  relativist i<  transformations  to  the  small  velocity  self  eUrtromagnetic  force 
and  power  expressions  to  find  the  self  electromagnetic  force  and  power  of  an  arbitrarily 
moving  charge,  because  the  charge  is  distributed  over  an  extended  region  of  space  and  not 
concentrated  at  a  single  point  moving  with  a  uniform  velocity.  The  distributed  charge  motion 
does  not  change  the  final  result  of  the  self  electromagnetic  force  calculation,  but  does  change 
the  1  /n  term  in  the  self  elect  romagiu'tic  power  calculation,  and  the  transformation  propertii’s 
of  the  self  electromagnetic  ])ow('r.  Indeed,  the  next  section  of  this  Appendix  A  demonstrates 
that  the  power  equation  of  motion  (2.4)  does  not  transform  covariant ly. 


A. 3  Noncovariance  of  the  Power  Equation 

Be'gin  with  the  power  e(|uation  oi  motitju  (2.4)  in  an  arbitrary  inertial  frame 


U  = 


(I 


fiTTfoU  d/  ly  /  fitrtoC 


U-U  +  — (u-u)^  +6>(c/). 

jtrtoC"’ 


(A. 30) 


In  an  inertial  frame  moving  with  velocity  w  with  respect  to  A’a.  the  relativistic  trans¬ 
formations  ot  Fej-i.u.u.ii  and  y  in  terms  of  the  corresponding  primed  variables  in  the  A  ' 
frame  recast  (.A.ilO)  in  tlie  f(!rm 


firconcH  4y'S.i(l  +  u'.w/r^)2j  ,/p 

+  u' +  — -(u' •  u')u' 

r—  fu'  ii'  +  --~(u' •  u')''^'j  u'  -f  C>(u)|  =  0  . 


r—  ii'  +  ---(u' •  u'  -f  C>(u)|  =  0  .  (A.31) 

If  (.\.31  I  is  to  b('  indepeinlent  o!  w  and  hold  for  all  w((e  <  r).  then  the  terms  in  the  curK' 
brackets  of  (A.31)  must  be  zero,  that  is 


firr (nd  ( ^ 


_ l_^ _ d(y'u')  _  _my^  r 

ly'-’-lfd  1  -f  u'  •  w/c^)y  (ir  (>-!„(•■' 


3'.'‘  ,  ,  /  .{y'-'  \ 

+  -  —In'  ■  u  )u'  t-  V  (  u'  ii'  -f  — ■  u')"'  j  u'  -t  ( A<<1 


(A.32) 


Becaus!  of  tlu‘  1  / 4  term  in  f  A. 32).  i  In’  form  of  this  equation  (.\.32)  dcqx'iids  explicitl}  on  th" 
velocity  w  of  the  A,'  inertial  Irame.  1  hus  the  form  of  (.A. 32)  is  not  ri'lat i vist  ically  invariant 


with  respect  to  a  change  of  inertial  frames,  that  is,  the  left  and  right  sides  of  the  power 
equation  of  motion  (2.4)  do  not  transform  covariantly  l•e(alls(■  of  th('  /,(:  )  'enii.  Of 

course,  it  is  this  very  term  that  the  internal  hinding  forc<’s  eliminate  from  t he  ))o\\er  e(|ualion 
of  motion  (2.4);  see  Chapter  4. 


Appendix  B 

DERIVATION  OF  FORCE  AND 
POWER  AT  ARBITRARY 
VELOCITY 


In  this  appendix  the  self  ei(‘(t loiii.t^iu'lie  force  and  power  arc  derivr'd  from  equations  (3.1) 
and  (3.2)  for  the  shell  of  diarge  movitig  with  arl>itrary  velocity.  The  1 /u  terms  are  derived 
from  the  space  integrals  in  (3.1)  and  (3.2)  <'valuat<‘d  for  arbitrary,  time-varying  velocity 
(unlike  the  traditional  heuristic  <l<“iivation  which  assumes  a  constant  velocity  charge).  The 
radiation  reaction  teiins  are  found  from  the  charge  (rather  than  the  space)  integrals  in  (3.1) 
and  (3.2)  (  .aluated  for  a  shell  of  charge  moving  with  arbitrary,  time- varying  velocity. 

B.l  The  1/a  Terms  of  Self  Electromagnetic  Force  and 
Power 

The  self  electromagnetic  force  and  power  of  th<‘  moving  shell  of  charge'  can  be  written  as 
space  integrals  of  the  electromagnetic  fields  of  the  moving  charge  [12,  sec.  2.5,  eq.  (25)  and 
sec.  2.  Id.  eep  (fi)] 

F;,(/')  =  -foy-  /  E'(r'.l')  X  B'(r'./')dl  ' +  [  T  ■  n'dS'  (B.l) 

lit'  l\  Js 

P'At'  l  =  -  '/  /  I  /  '-■  i  r‘7y'‘)</\  '  /  (E'  X  B'l  ■  iVr/.s'  (H  •') 

'  2  ill' A  Js 

where'  T'  is  M  axwell  s  St. ess  ti-nsii!  ,iuel  the  juime's  ei<-[K)te'  (iuantitie*s  in  a  l\'  inertial  frame' 
in  which  the-  charge-  slu-11  h.is  atbiliary  ee-nter  \e-le)city  u'(t')-  kke’  xolunie-  I"  is  enclosed  by 
the-  surface  .5’.  wide  h  ene  lose-s  the-  moving  eharge-  eli.st ributiem. 

I  he-  fore  e'  een  an>  part  ed  the-  e  haige-el  eeblate-  sphe-reeiel  (with  majetr  axis  2(/  anel  minor  axis 
2i/(l  -  !/'^/c^)d^  ill  the-  A'  frame-  will  be-  eau.se'el  by  the'  position  e)f  the-  re-st  eef  the-  charge-  .it 


an  earlier  time.  In  particular,  the  force  field  on  the  leading  end  of  the  particle  will  liave  left 
the  trailing  end  of  the  particle  in  a  tinu'  At  given  ai)proxiinatelv  for  small  radius  n  hy 


(c  —  ii)At  =  2(1'^ I  - 


or 


A/ 


1  +  ti'/< 


(H.d) 


r  '\J  I  -  n'/c 

Ill  this  time  interval  A<  the  charge  will  have  traveled  a  liistaiuc  Ad  gi\cn  appro.x'iniaiely  by 


Ad  =  ti'Af 


1 


lly'lL 

1  -  u'/c 


:b.ii 


Kcpiation  (B.4)  says  that  the  motion  of  the  chargiy  when  the  charge  is  farther  away  from 
its  present  position  than  some  finite  numlier  times  the  radius  n,  will  not  affect  tin*  seif 
electromagnetic  force  calculation.  'I'lius,  we  can  assume,  with  no  loss  of  generality  in  the 
derivation,  that  the  charge  had  uniform  velocity  when  evaluating  the  fields  for  r'  greater  than 
La  where  L  is  an  indefinitely  large  but  finite  number.  In  other  words,  if  we  choose  the  radius 
of  the  surface  S  larger  by  a  factor  A  then  the  major  radius  of  the  oblate  spheroidal  charge 
distribution,  the  stress  tensor  T'  and  the  Poynting  vector  E'  x  B'  in  the  surface  integrals  of 
(B.l)  and  (B.2)  can  be  assumed  those  of  a  charge  distribution  moving  with  constant  velocity. 
Because  each  of  these  surface  integrals  is  zero  for  a  constant  velocity  charge  distribution. 
(B.l)  and  (B.2)  can  be  written  in  terms  of  the  volume  integrals  alone 


Keif)  =  E'(r',t')  X  B'(r'./')r/V" 

(B.5) 

(B.C) 

with  Va  denoting  a  finite  volume  that  encloses  the  charge  distribution  and  having  a  radius 
La  proportional  to  the  dimension  c  of  the  charged  shell.  Tin'  fact  that  the  radius  La  of  the 
volume  Va  approaches  zero  as  a  approaches  zero,  and  yet  />  is  an  indefinitely  large  number, 
is  used  in  the  following  evaluations  of  the  1/a  terms  of  self  force  and  power. 


B.1.1  Evaluation  of  1/a  term  of  self  electromagnetic  force 

We  want  to  evaluate  the  space  integral  in  (B..5)  at  each  instant  of  time  t' .  fo  begin,  let  this 
instant  of  time  be  t'  =  0,  in  order  to  simplify  the  integral  in  (B.d)  to 

If  -  ^  E'(r',0)  X  B'(r', ())</! ■'  .  (B.7) 

.Next  write  the  fields,  E’(r',0)  and  B'fr'.O)  in  the  I\'  frame  in  terms  of  the  fields  in  a  proper 
inertial  frame  l\  at  rest  instantaneously  with  the  center  of  tlu-  the  charge  di.'t  ribut  ion  at 
/'  =  0.  Assume  that  the  origins  of  the  l\  and  A'  franu's  roim  ide  at  t  =  -  t)  1  lam  the 

relativistic  transformations  of  the  fields  are  given  by 

E'(r',0)  =  a'  •  [E(r,  /  )  -  u'  X  B(r.  / )]  i  B.^a ) 


X.') 


B'(r',0)  -  a'  -  [B(r,<)  -I-  u'  x  E(r,0M 

(B.8b) 

d'  =  ^'I  -f  (1  -  y)u'u',  7'  =  (1  -  u 

(B.Sc) 

with 

Tx  =  4 

(B.9a) 

11 

(B.9b) 

t  =  —Yu  ■  r'/c^ 

(B.9c) 

where  the  subscripts  _L  and  |j  mean  perpendicular  and  parallel  to  the  center  velocity  u'. 
Substitute  (B.8)  and  (B.9)  into  (B.7)  and  make  the  change  of  integration  variable 

ft  f  f 

r  =  -h  7  r,| 

(B.lOa) 

so  that 

ilV  -  YdV 

(B.lOb) 

and  (B.7)  becomes 

If  -  —f  a'  •  |E(r, /  =  -u'  ■  r/c^)  -  u'  x  B(r,  t  =  -u'  •  r/r^)] 

xq'-  [B  +  u'xE/c^JcfV’.  (B.ll) 

Since  we  have  determined  in  Appendix  C  the  proper-frame  electric  and  magnetic  fields. 
E(r.t)  and  B(r,/).  at  a  fixed  lime  t,  the  integral  of  the  fields  in  (B.ll)  could  be  evaluated  if 
it  weren't  for  the  fact  that  t  =  -u'  r/c^  is  not  fixed  but  varies  with  the  integration  variable 
r.  Fortunately,  this  difficulty  can  lie  overcome,  when  evaluating  the  I /a  term,  by  expanding 
E(r.  f  =  -u'  •  r/c^)  and  Bfr.t  =  -u'  •  r/e^)  about  the  fixed  time  t  =  0;  specifically 

E(r./)-E(r,0)4  + .  (B.12a) 


B(r.  / 1  =  B(r,  0)  -h 


cfB(r,0) 


(B.12b) 


I'lom  .Maxwell's  e(|iiations  all  the  time  (h'rivatives  of  E(r.l))  ami  B(r.U)  can  be  written  in 
terms  of  the  spatial  deri\'ai  i\'es 


f>Blr.()) 

JJl 


-V  X  Efr.O) 


(B.lda) 


f/‘B(r.()| 


r.tE(r,0) 

dt 


=  c'S'  X  B(r.  0) 


V  X  X  V  X  B(r.()) 

at 

etc. 


(B.I.3b) 


(B.blc) 


86 


Substitution  of  the  time  derivatives  from  (H.ld)  eoiiverts  (lbl‘2)  to 


E(r./)  =  E(r.O)  +  e‘'V  x  B(r.l))/  -f 


(Iblla) 


B(r,  / )  =  n(r,0)  -  V  X  E(r,  ())/  f  .  i  I'.  1  lb ) 

When  the  juoper-franu'  eleelrie  and  maj!;netir  fitdds,  E(r,  0).  B(r.  0)  and  then  eniis.  are 
inserted  from  (CM)  and  (Cbb)  of  Appc'iidix  ('  into  the  rij);ht  sides  t)f  (H.l  1),  ami  the  resulting 
fields,  E(r, /)  and  B(r,/),  are  inserted  into  the  integrand  of  (B.l  1)  with  /  -  —u'  •  r/r^,  one 
finds  that  the  B  field  in  the  integrand  of  (li.ll)  does  not  eontributi'  to  the  1/u  term  of  the 
integral  and  that  only  tlu'  static  part  of  the  E  field  contributi's  to  the  1 //;  ti-rin.  In  more 
detail 

I/.- =  —  f  [o' •  E(r. ())]  X  [ck' ■  (u' X  E(r. 0) )/e^|  +0(1)  iB.ldj 

or  since  o'  ■  (u'  x  E)  =  y'u'  x  E  and  o'  -  E  =  7'E  +  ( !  -  ' ')(+i'  ■  Elii' 

!/.■=  /  (u'f+'/t'N  (1  -7')(u  -E)'^]  -(u'-E)E)r/\'  +  0(l),  iB.H.i 

yit.l'i— 0)  ^  J  '' 

rite  electric  field  E(r,0)  is  found  by  integrating  t'xpression  ((’.1  )  to  get 


E(r,0)  = 


.T^t7^r  +  0(l/r). 


I  0(l/«), 


r  >  e 


r  <  II  . 


I  B.17) 


Because  VJ,  — +  0  as  a  — *  0,  the  integration  variable  r  — +  0  as  a  0  and  wi'  arc'  allowed  to  use 
this  small  r  approximation  of  (0.1)  for  E(r,0).  With  E(r.l))  from  (B.17)  snbst  it  uteri  intr) 
the  integrand,  the  integral  in  (B.lG)  can  be  evalualr'd  for  hirgr'  I.  to  giv(' 


c^u' 

dTTf^aC^ 


7'+  - 


- 1 
:] 


3 


+  0(1)  = 


(irrr^g/r 


7  +  0(1). 


B.lS) 


For  the  sake  of  simplifying  the  relativistic  t ransfoiinat ions.  (B.fS)  was  rletivrd  for  a 
s()ecific  instant  of  time  t'  —  0.  I  his  instant  of  tinu'  could  Ix'  an\  inst  ant  of  t  inu'.  I  Inis  i  B.  1  s  l 
holds  for  arbitrary  time  /',  and  (B.IS)  ran  be  substituterl  into  (B..'))  ti;  give  the  [/a  term  ot 
the  self  electromagnetic  force 


F:,(f') 


67;<iiric^  ill' 


—  (7'ii')  +  0(  1 


(B.l')) 


in  the  arbitrary  A  '  frame. 


B.1.2  Evaluation  of  1/a  term  of  self  electromagnetic  power 

Pioc«’iliiig  with  the  e\ahi«lioii  of  (he  self  powt'r  integral  in  (B.6) 

//>=  /  [E'^  ^  cHr')dv' 

in  the  same  niaiincr  as  in  tlie  previous  section  for  the  self  force  integral,  one  gets 

Ip^-,1  [|a'-E(r,0)|'  +  l'|u'xE'|Vc2lciV'-t-O(l).  (B.2()) 

7'  Vv,(u-U)  ^  J 


Witli  E(r,0)  inserted  from  (B.17).  (B.20)  intc'gralc's  for  large  L  to 

2u'^ 


Ip  = 


—  ^  --V  +ttV 

-1  V')'  /  2c2 


l;rc,- 

''7' 

■iTTC^.O 


+  0(1) 


which,  when  inserted  into  iB.h).  gives 


//c(l')  = 


^  (I 


Sttcoc;  dl' 


7'  1 


,'2 


+  0(1) 


or  eciui valent ly 


for  the  1 /(/  term  of  (he  self  elec  tromagnetic  power  in  the  arbitrary  A  '  frame 


(B.21) 


(B.22a) 


(B.22b) 


B.2  Radiation  Reaction  of  Self  Electromagnetic  Force 
and  Power 

The  above  dc'rivation  f<u'  the  \/<i  teiiiis  of  the  self  elec  tromagiu'tic  force-  and  power  in  an 
arbitrary  iuc-rtial  frame  from  the-  momc-ntum  ami  c-nergy  intc-grals  in  (B.5)  and  (B.6)  doc-s 
not  extend  easily  to  finding  the  radiation  reaction  ((2(1))  terms  of  the-  self  force  and  powc-r 
b'-eaii'-e  an  infinite  number  of  tc-rms  in  the  seric-s  expansion  (B.M)  of  E(r./)  and  B(r./) 
conti'buie  to  the  (2(1)  terms  of  tin-  momentum  and  c-nergy  intc-grals.  l-'ort unatc-ly.  wc-  c<in 
find  till-  I  acliat  ion  react  ion  tc-rni'  of  the-  sc-lf  force-  and  |)owc-r  from  the  c  harge  int  c-grals  ol  ■ '1. 1  ) 
and  I  {,2  1. 


B.2.1  Evaluation  of  the  radiation  reaction  force 


lo  determine  the  0(  1 )  terms  of  tlic  self  <'leet rum;i!;,net ic  fon  i-  in  a  A''  in-T!  ial  frame  in 
the  shell  of  charge  is  mo-cing  with  art>itrary  velocity,  ue  shall  e\aliiate  tlie  liiame  n 
in  (d.l)  at  aii  arbitrarr  instant  of  tim<‘  Id  rcvliice  tin-  aluebia.  hi  i!;is  ailni  lai'.  ! 
cho'-en  as  t'  =  0,  initially,  so  the  self  electromagnetic  force  in  the  A  '  fiame  can  be  i 


F,('  =  //i'(r',U')[E'(r'.U)  +  u'(r'.O)  x  B'l  r'.  ())ii/\ 

J  ch  '.irgf' 


I  lie  (  h'cdic  and  inagtK'tic  fit'lds,  E'(r'.O)  and  IV(r'.()).  iti  i  can  be  e\],|,  i, 

of  the  relativist  ic  t  ransformations  ( If  .X)  and  ( If.!)),  in  terms  of  t  he  fiehls  in  the  pri  ipei 
/\  at  rt'st  inst atit  aiHXtnsly  wit h  t h«' c<'nt er  of  t  he  chartte  ilist  nbnt  ion  at  /'  =  I),  Sinee  i  ( 
Appendix  ('  can  be  nsdl  to  show  that  B(r,  /)  iti  (H.X)  eont  ribiil'is  (..nl\'  to  terms  ot 
order  tliati  0(1).  E'  and  B'  in  (H.2d)  can  be  written  simplv  trom  (H.S)  as 


E'( r'.  0)  =  ex'  ■  Ei  r.  / ) 


B^(r'.<))  =  */u'  X  E(r./i/e‘  i 

where  a'  is  (h'fined  in  (If. Sc),  r  atid  /  are  giva'ti  iti  (H.'t).  and  u'  is  tin’  \elocity  of  the 
ol  tlie  charge  dist  ribiit  ion. 

1  he  velocity  id(r',(l)  ot  t  h<'  (barge  distribution  in  the  A'  fiame  can  be  wiiiio'i  in 
ol  the  velocity  u(r,/j  in  the  |)ro|)er  frame  by  means  of  tin-  lelatuhstic  1 1  aiisfoi  1 1  i.i  i  ion 


u'(r'.O) 


n(^  ^  u'  [1111^(1  ..  Ij  o  , 


1  +  u(r. /)  •  u'/c* 


Similarly,  the  charge  rleiisity  //(r'.O)  in  (H.'d'f)  transforms  rel.ii  ivi- 1  ically  to  tin'  jn'o 
frame  as 


//(r'.O)  =  y'/ifr./)  1  +  u(  r.  / )  •  n' '< " ! 


with  r  and  /  again  given  in  (H.O).  1  he  velocity  u(r.')  <ind  the  charge  < 
(  barge  distribut  ion  at  f  =  — '/u' •  r'/c"  =  -u'-r/c^  in  the  A  frame  can 
I  0  to  give 


ut  r,  M  -  -  n(r.0)(  n'  •  r)/c-  f  ( )\  r*  i 


/)(r,/)  -  /)(r.0) 


d/)(r,  ())  u'  r 

Jit  7/” 


leiisity  j>i  r,  / 1 
be  expandt'f! 


Hecansi’  u(r.())  e(|nals  /(’ro  for  <i  relat  iv  ls|  ally  ri^id,  iionrotatiim  iliarge  (lisi  i  ii.iit  |i 
Inive  d/)(r,  0)/d/  o  -  V  ■  [/?(r,  0  )u( r.  0 )j  and  ilf.'J'',:  I  ie( '  llne^■  sinipl;, 


/»( r.  / 1  -  p!  r.  0 )  r  Ol  ; 


Substituting  u(r. /)  from  (H.'JT)  and  /»i  r.  / 1  fioin  (I'.'J't)  mt, 

( u'  to  r.  0  i  ;i  u' 


(  H.l'ti  i  uu(o 


r ! 


-r  ' )i  r'  I 


>0 


\v!iich 

iieer:..| 

It  t'i, 

>  B 

I:  lea;  I' 

.7  I  oi 

Ingl  I  r 

H.ilai 

H.2lb, 

eeii!  .•! 

tei  ms 

I  H:2'] 
p(  :■  A’ 

i  B.dtii 

o  I  in  ■ 
atH.iit 

(B.-’f) 

I  B..;’^l 

'll,  '.Ve 

B.A': 


p'(r'.  01  =  ■ '/'(r.  0) 


.  B.:10 


ior  the  charge  density  in  the  I\'  frame.  Similarly,  substituting  (B.27)  into  (B.25)  and  ex¬ 
panding  in  powers  of  r  gives 


u'(r'-O)  =  u'  -  I7'  -h  -—(1  -  7') 


/  .  u'u',,  u(r,0)(u'  r)  , 


+  0(r^). 


(B.31) 


The  acceleration  u(r,0)  of  the  charge  distribution  in  the  proper  frame  was  given  previously 
in  (A. 8)  in  terms  of  its  center  acceleration  u;  thus  (A. 8)  shows  that  (B.30)  and  (B.31 )  remain 
valid  to  0{r^)  when  the  acceleration  u(r,0)  is  replaced  by  the  center  acceleration  u. 

Substitute  into  (B.23)  the  expressions  (B.24)  for  E'(r',  0)  and  B'(r',  0),  (B.30)  for  p'{r',  0). 
(B.31 )  for  u'(r',  0)  (all  with  r  and  t  replaced  from  (B.9)  and  the  center  acceleration  ii  replacing 
u(r,0)  in  (B.30)  and  (B.31));  then  make  the  change  of  integration  variable  from  r'  to  Tx  + 
r  i/7'  to  obtain 


^;,(0)=  /e(r,0)  1  - 

J Cflfll  fje 


(u'-a)(u'-r) 


+  0(r")  d'-E(r,/)  + 


7'  /  , 


f  c  ,  /j  “(u'-r) 


-f- 0(r^)i  X  (u' X  E(r./))  dV 


with  i  =  — u'  •  r/c^.  We  want  to  insert  E(r,  f)  from  (B.14a)  into  the  intc'grand  of  (B.32); 
specifically 


E(r.  ()  =  E(r,())  +  c^V  x  B(r,0)l  -  x  V  x  E(r,0)—  + 


with  t  =  —u'-rjc^.  When  one  reirlaces  E(r,0)  and  B(r,0)  in  (B.33)  by  their  integral  values 
given  in  (CM)  and  (C\5).  one  finds 


E(r./)  =  E(r.O)  +  terms  odd  in  r -| — (terms  even  in  r)  . 

a 


(B.31) 


.\s  the  radius  a  of  the'  charged  sphere  approaches  zero,  the  tertns  odd  in  f  iti  (B.34)  integrate' 
to  zero  in  (B.32).  'rite  \/a  terms  in  (B.34)  integrate  to  give  1 /n  terms  when  multiplied  by 
the  terms  of  order  unity  in  the  integrand  of  (B.32).  and  zero  when  multiplied  by  the  terms  of 
order  r  and  higher  in  (B.32).  .Also,  as  a  approaches  zero,  the  O(r^)  terms  in  (B.32)  integrati' 
to  zero.  In  all.  (B.32)  becomc's 


F^(0)  =(-)+/ /'(r.O) 

\(l/  .J.h'IT'K 


(u'  •  u)(u'  •  r) 


a'  ■  E(r,  0) 


xE(r,0))  <IV +  <>{(,} 


as  (I  aftproaches  zc-ro.  where  (l/c/)  in  (13.35)  denotc's  the  l/a  terms. 


Inserting  E(r,0)  Iroin  (C.l)  into  noting  that  all  o<l<l  teinis  integrate  to  /eio.  .md 

extracting  the  l/n  terms,  we  find 


':r(0>=(Jd  J I 


,  ,  7'  /  f  ,  “U  \1  ,  ,  , 

0(T  C  \  -h"  / 


+0(«)  =  (  -  )  +  - - -  Of'  ■  ii  +  -^u'  X  (u'  X  u)  +  (J[a) 

\n  /  OTTfoC’ 


:  B.dt,) 


where  we  have  ltd  (h  ~  /)(rJ))J\''  and  performed  the  double  integration  of  the  (I'li-taul 
i:itegrand  over  the  charg(\ 

With 

...  ...  ,  (u'  •  u)u'  _ 

a  ■  u  =  ")  u  d  (1  —  7  ) - - —  I  H.dTa) 


^u'  X  (u'  X  ii) 


'll  ,  I  /  f  *•  \  ' 

— U  +  — (u  ■  u)ll 


(H.;U>)  ran  bo  wrilltMi  a: 


)  J  »' 


I  B  dTbi 


<  It. 37a) 


i  It  ,3Sli  I 


TIk'  derivatives  of  t  in'  acceh'iat  ion,  U||  and  iii.  in  the  i)roper  l\  frame  can  be  expre'.'od  in 
terms  of  the  velocity  and  its  derivative's  in  the  arbitrary  l\  '  frame  by  means  ot  t  he  relal  i\  i'Jt  ii 
transformations  (A. 22).  Using  these  transformations  (.A. 22)  (onv<>rts  (B.3Sb)  to 

r'/  ,  ^'7''  i..,,  ,  3'/^.  , 


,  i"  f...  ..-,<1  ..3 


+  —  u'  ■  ii  +  — ^(u  •  ii  )-  u  >  l-  ()[ 


where  I’  has  replaced  I'  =  0  in  (B.38)  since  the  time  I'  —  0  couhl  be  any  instant  of  timi' t' . 

The  order  unity  term  in  (B.39)  is  the  radiation  reaction  part  of  the  self  elect rmnagiu  t ic 
force.  Combining  the  \/a  part  of  the  s<'lf  ('h'clromagiu’tic  fori*'  in  (B.19)  with  the  radiation 
reaction  part  in  (0.39)  produces  the  total  ele<  t romagin-t ic  self  forc  e  to  order  a  in  an  arbitrary 
h  '  inertial  reference  frame 

-c''  (I  c--'^  f 

KAi')  -  +  '■ 

t);r(()(;c‘‘  (It  b~(^^r  I  c  ‘ 


3-'^  1 

+  7-  u' ■  ii' +  -4_(u' .  I,')-’  u'>  +  f;(c;). 


(B.iOi 
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B.2.2  Evaluation  of  the  radiation  reaction  power 

To  deterniine  the  0(1)  terms  of  tlie  self  electromagnetic  power  in  an  arbitrary  K'  frame, 
begin  with  the  charge  integral  in  equation  (3.2)  at  an  arbitrary  instant  of  time  t'  =  0 

r;jO)=  f  n'{r\0)u{t\0)E'{r\0)dV'.  (B.41) 

J charge 


.■\pplving  the  same  procedure  to  (B.ll)  as  we  applied  to  (B.23)  in  the  previous  section  yields 
I’lStead  of  (B.38b) 

Substituting  U||  from  (.■\.22a)  into  (B.12),  rearranging  the  ex|)ression,  and  replacing  the 
arbitrary  time  /'  =  t)  with  t' .  results  in  the  ra<liation  reaction  power  in  the  arbitrary  A' 
frame 

/^;f(n=  +  u'-u'+'^(u'-u'f  +0(a).  (B..13) 

T  he  \/(i  part  of  the  self  elect romagiH'tic  power  in  (13.22)  combines  with  (13.43)  to  give  the 
total  self  electromagnetic  power  to  order  «  in  an  arbitrary  A'  inertial  refercnice  frame 


(If 


u'-ii'd- ^(u'-u')'  +0(«).  (13.44) 


I  his  completes  th<'  derivation  of  the  self  electromagnetic  force  and  power  to  order  it 
C)f  Lorentz's  model  of  the  eh'ctron.  that  is.  a  total  charge  e  uniformly  distributed  on  a 
siilierical  insulator  of  radius  a  moving  without  rotation  with  arbitrary  center  velocity  u'. 
lo  my  knowledge,  it  is  the  litst  rigorous  derivation  of  these  results  f(;r  arbitrary  velocity 
since'  Schott's  [13]  rigorous,  yet  extraordinarily  lengthy  derivation  from  the  l.ienard- Wieclu'rt 
potentials;  see  Chapter  3  of  the  main  t<‘Xt. 
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Appendix  C 


ELECTRIC  AND  MAGNETIC 
FIELDS  IN  A  SPHERICAL  SHELL 
OF  CHARGE 


Consider  the  Lorentz  model  of  the  electron  as  a  total  charge  t  \inifonnly  distributed  within 
a  thin,  nonrotating,  spherical  shell  of  inner  radius  a  and  thickness  S  (sco  figure  1  of  the 
main  text).  In  a  proper  inertial  reference  frame  at  rest  instantaiuxjusly  with  the  charge- 
distribution,  the  velocity  u(r,/)  will  be  zero  l)ut  the  acci'lerat ion  and  higher  time  derivatives 
of  velocity  are,  in  geiK'ral,  nonzero  funct  ions  of  space  and  t  ime  I  u(r.  / ).  u(r.  /)  .  .  . ). 

In  equation  (A. 10)  of  Appendix  A  th<‘  electric  fudd  |)roduce(l  by  this  ac(  ek'rai  ing  charge' 
in  its  proper  frame'  was  found  to  be 


E(r,0 


i 


R 


+ 


ItTCo  Jeharge  1  IP  2P  R 


11 


-  1 


+  55[(Rug-|up|  + 


d(R  11)11  2u 


|(R  •  u)R  +  u] 
i  (If' .  a  —  0 


} 


(C.l) 


where  ii  and  u  in  (C.l)  refer  to  the  time  de'rivatives  of  the  (('liter  velocity  of  the  (  harged 
sphere  at  time  I.  The  position  of  the'  charge  element  dt'  is  designated  by  r'(/)  and  the'  vector 
R  is  defined  as  r  —  r'(/). 

We  can  find  the  magnetic  field  B(r,t)  from  the  simple  rt'lationship  between  the  electric 
and  magnetic  fields  of  a  moving  point  charge  [11],  Letting  e/e'  be  the  moving  point  charge, 
and  dE(r,<)  and  r/B(r,  <)  be  the  electric  and  magnetic  fields  of  this  point  charge,  we  have 

dB{rJ)  =-  R'(t')  X  dE(r.t)/r  fC.2) 


where  dE{r,t)  is  the  integrand  of  (C.l)  and  R'(/')  is  eh'liiu'd  as  r  —  r'(/').  the  dilfere'iiee- 
vector  betwtx'ii  the  position  r  of  the  observation  point  and  the'  position  r'(/  I  >  he  element 
of  charge  dc'  at  the  re'tardc'd  time  I'  —  t  —  li'/c.  Kxpaiuling  R'(/')  in  a  jiowe'r  se'iic's  about  I 


and  making  use  of  (A.S)  givt- 


R'{t')  =  R-—  ^-1  (R.a)R-u  -R^R 


8r-' 


8c^  6r^  4f'‘*  6c^ 


Substituting  R'{t')  from  (C.3)  and  f/E(r,/)  from  the  integrand  of  (C.l)  into  (C.2),  one  finds 
that  most  of  the  terms  cancel  leaving  merely 


dB(r,/)=  + 

8xfo- 


(C.4) 


B(r./)-  ^  / 

tT(o  J,- 


<0  Jch'wjf 


R(/)  X  ii 


+  0(/?)  r/e',  n  =  0 


for  the  magnetic  field  in  (he  proper  frame. 

Equations  (C.l)  and  (C.5)  can  be  integrated  in  closed  form  for  a  uniformly  distributed 
spherical  shell  of  charge  with  inner  radius  a  and  small  thickness  8.  In  particular,  the  expres¬ 
sions  for  the  fields  within  the  thin  shell  simplify  to 


2u  2u  -1  .  ( .  .  ilul^ 
^  '  4rco  dnc'!  ^  3^2  5e‘‘  1  3 


+  C;(n)  (C.(i) 


R(‘'-C=7-; - -rxu  +  0(a),  (C.7) 

1 27reor'* 

n  =  0 .  (o  <  r  <  a  -f 

The  electric  field  in  iC.b)  agrees  with  the  results  of  Sections  oG  and  57  in  Page  and  .Adams 
[55]  except  for  the  1/5  term  in  ((’.(>).  which  is  missing  in  their  work,  Ix'cause  they  rlo  not 
take  into  account  the  variation  (A.S)  in  acceleration  of  the  charge  with  position  around  tlu’ 
shell,  .Also  Page  and  Aaanis  do  not  include  the  ii  term  in  the  magnetic  field  of  (r.7). 
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Appendix  D 

DERIVATION  OF  THE  LINEAR 
TERMS  FOR  THE  SELF 
ELECTROMAGNETIC  FORCE 


licgiii  the  cierivalioii  willi  the  expression  (A. 2)  for  tlie  ric  (ield  prodin  cd  l>y  I  he  ino\iiiii 
elenieiit  of  char};,e  cW  in  the  shell  of  eharj'e.  Since  we  want  to  evaluate  this  e\j)ressii>n  (A. 2) 
in  a  proper  reference  frame  (»(r,/)  =  Oj  discarrling  all  noidinear  terms  in  u.ii  ....  we  see. 
with  the  help  of  the  expansion  (C.3)  for  R'(t'),  and  (A. 8)  and  (A. 13)  for  u(r',/')  and  u(r'./'). 
that  (A. 2)  can  be  simplified  immediat('ly  to 


</E(r,0  = 


df' 

'l/Tfo 

+ 


R  X  (R  X  u(<')) 

1{? 

R'  -  u(t')/c 


+  nofiliricar  terms 


( 1).  i ) 


/r-!(l  -  R  •  u(r)/ePJ 

where,  of  course.  R'  is  a  function  of  the  retarded  time  t'  =  t  ~  H'/c.  Inserting  the  exj^ansion 


R-  u(t') 


3R-u(/') 

d - h  nonlinear  terms 


(D.i 


into  (1).  1 )  gives 


dE(r,/)  = 


dt' 

47r(o 


R(R  - u(/'))  -  d(/')  u(t') 


lir^ 


mjR-ull')}  R'(/') 

‘  r-»>  ’ 


lin 


IPc 

+  nonlinear  terms. 


Now 


4-  nonlinear  terms 


(D.3) 


(l).l) 


or  with  tho  insertion  of  the  (wpansion 

L 


i  l).  l)  Ix'ccjnies 

I 

that  is 

Similarlv, 


R'(^')  =  R 


f)  Vr 


—  -f  ...  +  nonlinear  terms 

V  e  / 

(D.C) 

nuiiliiu'ar  terms. 

(!).7i 

noiiliiK'ar  I .'rms 

(l).''a) 

nonlinear  terms 

( D.Sh) 

noniiiH'ar  terms 

(D.V) 

^  r  ...  +  nonlinear  terms. 

(D.nI) 

r/R  . 

,  ^  =  R..,=0 

(l).da) 

ii 

(l).!)h) 

nliiK'ar  terms 

(D.dei 

<■'(  ..  lllx'l'Ied  into  (l).S.I),  l><•<«>l^es 

n't  n  .  R  •  ”  /  ' 

n  I  }  ~  li  -i  -  ”  j  -f - - —  +■  •■  +  nonlinear  trriii.s. 

1  h.e  \e(  tor  R(/  —  I{/c)  ean  alxi  lie  expamhai  in  tlic  h)rin 


V,  hi  eh  ( Dniliint  -  wil  h  ( I),  ID)  an.  I  1 1).7;  lo  give 

~  !  R  :{  /  R  •  u  /  /f  \  It  -  li  /  l{\  ’ 

mn  ~  mi'~]  '  ip  [  7/  [yj  ~  [yi  ■ 

1  \u  /  py  ii(7)  //r  ’ 

'  IP  \  ^  I  ^  ^  nonlinear  terms 


(i).in) 


y  u(i)  f  h  \ 

J - (P  V  r  /  nonlinear  terms  iD.ll) 


When  we  substitute  (D.8a),  (0.81))  and  (!).i2)  into  (1)  8),  integrate  over  dt'.  then  mnl 
tioly  by  dt  =  pdV  and  integrate  over  dr  to  get  the  total  self  elect roniagnet ic  ioiac.  we  are 
left  with  integrals  of  the  form  [14] 


[  [n^dr'dr^^i  [  f  ' 

J  J avkere  J  Jsphf Tf  t\ 


1 

I  /  /  *“  .rn  ,  2 

r  ilf  —  - (I  t  . 

rn  +  2 

r/r  -1.0.  1.2.  ... 


1)  18i 


We  see  from  (D.18)  applied  to  (0.12)  that 

/  /  — -^^—d('d<  =  0  +  nonlinear  t<-rms. 

J  J  sphere 

Similarly,  from  (1).18)  a|)plied  to  tlu'  u(/')  part  of  (I). 8) 


IL 


here  R' 


■  8RR  —  I  dr'df  =  0  +  nonlinear  terms 


iD.l  la) 


(l).l  lb) 


and  from  (D.13)  appli<-d  to  the  u(/')  jrart  of  (D.3) 


sphere  R 


RR 


3  J  Jsphfrr  li 

+  nonliiK'ar  terms. 


(D.Mc) 


I’hus,  integrating  (D.3)  over  d('  and  d<  and  using  (I).i  1)  shows  that  tin'  ex<iei  expression 
for  the  total  self  electromagm'tir  force'  on  tin'  charge  can  In-  written  sim))ly  as 


F,,(/)  -  /  JdE(rJ)d.  -  J  J 

J  Jsvkfre  J  J svhf  rt 


u(/  -  /(’/<■)  , 

- — ,1, 

R 


(  {)C*  J  Jsphfi  f  Jl 

+  nonliin'<n  t('rms. 


(D.lh) 


Since  u{t  —  R/c)  can  be  expanded  in  the  power  series 

.^1  r/’'+'u(/)  f-R\’' 


(l).lt>) 


substituting  (D.16)  into  (l).15)  and  applying  the  integrals  (I). 18)  yields 


c^  ^  / -2a  \ 

- Y'  ^ 

127rco«‘'^’ ^  c  J 


I  d’'+'u(/) 
/?  +  !)!  r//"+' 


-h  nonlinear  tr'rins 


(D.17) 


Ffr(/)  =  - - u(/  —  2a/r)  +  no'diin-ar  lerms.  a(/)  =  0 

12T(()a'^c 


fI).lM 


or  for  small  volocitv 


Fe^O  =  - T  1*J(/  -  “"/<■)  “  u(/)]  -f  nonlinear  terms.  —  «:  1.  (D.ID) 

r2T(ort  e  e* 

The  result  (D.18)  was  stated  without  proof  by  Page  [14],  It  can  also  he  obtained  from 
the  fust  series  of  a  general  expression  for  llie  self  electromagnetic  force,  on  a  nonrela*i\ 
tically  rigid  charged  sphere,  that  W'as  derived  by  Schott  [49].  The  linear  part  of  the  self 
electromagnetic  force  (D.19)  is  the  same  for  botli  relativistically  and  nonrelativistically  rigid 
spheres. 
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